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In  this  dissertation  we  first  introduce  the  notion  of  a  process  measure  (of  which, 

a  martingale  measure  is  a  special  case).  Then,  we  construct  the  stochastic  integral 

with  respect  to  p-summable  process  measures.   By  doing  so  we  have  enlarged  the 

class  of  integrators  from  semi-summable  processes  (as  in  the  work  of  Brooks  and 

Dinculeanu)  to  process  measures.    We  then  study  some  of  the  properties  of  this 

stochastic  integral.  The  recurring  theme  in  our  construction  of  the  stochastic  integral 

is  that  the  stochastic  integral  H  •  X  enjoys  the  same  properties  as  the  p-summable 

process  measure  X. 

The  main  contribution  of  this  dissertation  is  that  orthogonal  martingale  mea- 
sures are  2-summable.  This  together  with  the  Ito  isometry  (for  stochastic  integrals 
which  are  process  measures)  and  the  representation  of  the  stochastic  integral  as  an 
orthogonal  martingale  measure  provides  a  fairly  complete  L2  theory  of  the  stochastic 
integral. 
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CHAPTER  1 
INTRODUCTION 


The  main  results  of  this  dissertation  are  contained  in  chapter  4.  Section  3  of 
chapter  4  relies  on  the  work  done  in  chapter  3.  Chapter  2  assembles  the  necessary 
background  required  for  the  remaining  chapters.  This  chapter  is  separated  into  3 
sections.  In  the  first  section  we  indicate  what  we  have  done-the  methods  involved 
and  the  results  obtained.  In  section  two  we  introduce  most  of  the  notation  that  will 
be  employed  in  the  remainder  of  this  work.  Following  the  notation  we  list  some  of 
the  main  results  of  this  thesis.  Finally  in  section  three  we  introduce  the  notion  of 
a  bimeasure-as  this  concept  will  find  occasional  use  later  on  (chapter  2  and  chapter 
4).  In  a  forthcoming  article  [37],  we  introduce  a  theory  of  integration  with  respect  to 
operator  valued  bimeasures  in  Banach  spaces. 

1.1    Motivation  and  Methods 

The  catalyst  which  got  this  thesis  started  was  the  paper  by  Walsh,  [47].  In  fact 
Walsh's  paper  was  the  seed  that  spawned  a  mini  cascade  of  papers  [7,  26,  49].  Walsh, 
in  his  paper,  had  introduced  the  notion  of  a  martingale  measure  (not  in  the  sense  of 
the  term  as  it  is  used  in  the  literature  in  mathematical  finance)  and  then  studied  a 
subgroup  of  these  measures,  which  he  termed  as  worthy  martingale  measures.  Walsh 
went  on  to  construct  a  L2  theory  of  stochastic  integration  with  respect  to  the  class 
of  worthy  martingale  measures.  His  construction  of  the  stochastic  integral  theory 
followed,  albeit  in  disguise,  the  construction  of  the  Ito  integral  [21,  22,  25,  41,  42]. 

The  notion  of  a  martingale  measure  gave  us  the  impetus  to  consider  the  more 
general  concept  of  a  process  measure  (see  section  1,  chapter  2,  for  the  definition). 
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We  then  attempted  to  construct  a  stochastic  integral  theory  with  respect  to  such 
measures  in  a  Banach  space  setting.  In  this  setting  the  type  of  integrator  we  needed 
to  consider  for  the  stochastic  integral  was  the  stochastic  measure  (see  section  2, 
chapter  2),  Ix,  induced  by  a  process  measure,  X. 

In  order  to  obtain  the  construction  of  the  stochastic  integral  we  draw  upon  the 
theory  of  integration  in  Banach  spaces  [4].  Thus  we  consider  p-summable  process 
measures,  X  (definition  (2.2.1)).  That  is,  we  restrict  ourselves  to  those  stochastic 
measures  Ix  (induced  by  X)  which  are  <7-additive  measures  on  the  underlying  a- 
algebra  and  have  finite  semivariation.  This  leads  us  to  our  work  in  chapter  3,  where 
we  consider  the  stochastic  integral  with  respect  to  p-summable  process  measures. 
The  foundation  for  this  chapter  is  the  paper  by  Brooks  and  Dinculeanu  [4].  The 
introduction  to  chapter  3  contains  a  detailed  description  of  the  work  undertaken 
there.  Let  us  just  say  that  the  stochastic  integral  theory  in  chapter  3  is  new  as 
we  have  enlarged  the  class  of  integrators  to  process  measures.  We  remark  that  in 
section  3  of  chapter  4  we  obtain  a  fairly  complete  L2  theory  of  the  stochastic  integral 
with  respect  to  an  orthogonal  martingale  measure.  We  demonstrate  here  that  the 
familiar  Ito  isometry  in  the  standard  theory  carries  over  to  our  situation.  Finally  the 
recurring  theme  in  chapters  3  and  4  is  that  the  stochastic  integral,  H  •  X,  respects 
the  same  properties  as  the  process  measure,  X.  Thus  if  X  is  a  p-summable  process 
measure  (or  X  is  a  martingale  or  X  is  an  orthogonal  martingale  measure)  then  H  ■  X 
correspondingly  enjoys  these  properties. 

Having  considered  a  theory  of  the  stochastic  integral  with  respect  to  p-summable 
process  measures  in  chapter  3,  we  show  in  chapter  4  that  there  indeed  exist  pro- 
cess measures  that  are  p  =  2-summable.  Thus  the  theory  of  the  previous  chapter 
stands  on  firm  ground.  In  section  2  (of  chapter  4)  we  obtain  the  fundamental  re- 
sult that  orthogonal  martingale  measures  (see  definition  (2.1.1),  part  III),  with  a 
mild  restriction,  are  2-summable  (relative  to  (R,  Z/|.),  where  E  is  a  Hilbert  space- 
theorem  (4.2.8)).  The  proof  of  this  result  is  an  excellent  illustration  of  measure  the- 
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ory  at  work  in  stochastic  analysis.  We  consider  this  result  (theorem  (4.2.8))  to  be 
the  primary  contribution  of  this  thesis.  In  section  3  of  chapter  4  we  prove  that  ,  a 
mild  restriction,  the  stochastic  martingale  measure  is  itself  an  orthogonal  martingale 
measure.  In  section  4  of  chapter  4  we  also  prove  that  a  special  case  of  martingale  mea- 
sures with  nuclear  covariance  is  2-summable  (relative  to  (R,  Lg))-th.is  is  proposition 
(4.3.1). 


1.2    Main  Results 

In  this  section  we  present  the  main  results  of  this  thesis.  Our  goal  here  is  to 
indicate,  in  limited  space,  what  has  been  accomplished.  Thus  we  limit  ourselves  to 
the  minimum  notation  (and  discussion)  necessary  to  make  the  results  comprehensible. 

NOTATION.  Let  (fi,^7,  (Ft)t>o,P)  denote  a  filtered  probability  space.  The  letters 
E,  F  and  G  denote  Banach  spaces.  When  we  write  Co  >  G,  we  mean  that  G  does 
not  contain  an  isomorphic  copy  of  Co.  We  consider  E  as  continuously  embedded  in 
L(F,G)  and  we  write  this  as  E  C  L(F,G).  Let  V  denote  the  predictable  <r-algebra 
on  R+  x  0  and  let  Voo  denote  the  union  V  Li  ({{°°}}  x  -^oo)-  T^v  will  denote  the 
ring  of  (finite)  disjoint  unions  of  rectangles  of  the  form  (a)  {0}  x  A,  A  6  To  and  (b) 
(s,  t]  x  A,  A  G  Fs,  which  generates  V^.  Let  B(R)  denote  the  Borel  cr-algebra  on  R  and 
let  Voo®B(R)  denote  the  a-algebra  generated  by  Voo  and  B(R).  Let  IZ  denote  the  ring 
of  (finite)  disjoint  unions  of  sets  of  the  form  (s,  t]  x  A  x  (x,  y]  with  A  €  T3,  (x,  y]  €  B(R) 
which  generates  Voo  ®  B(R).  Let  X  denote  a  process  measure  (definition  (2.1.1),  I) 
and  let  M  denote  a  Hilbert  valued  orthogonal  martingale  measure  (definition  (2.1.1), 
II).  Denote  by  Ix  '■  Hp  X  B(R)  — >  LPE  the  stochastic  measure  induced  by  X  (see 
nos.  (2.1)  and  (2.2)  in  chapter  2).  Let  (Ix)f,l%}  —  ^f,l^  denote  the  semivariation  of 
Ix  relative  to  the  spaces  (F,  LPG)  (see  (4)  in  section  1  of  chapter  3).  We  say  that  a 
process  measure,  X,  is  p-summable  relative  to  (F,G)  if  its  corresponding  stochastic 
measure,  Ix,  satisfies  definition  (2.2.1).  We  denote  by  Tf,g(X)  =  •7rF,Lp  PO  the  space 
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of  all  F-valued,  ®  5(R)-measurable  functions  H  for  which  (/flp  )(//)  is  finite  (see 
definition  (2.3.29),  proposition  (2.3.30)  and  number  (6)  in  section  1  of  chapter  3).  The 
space  of  functions  integrable  with  respect  to  Ix  is  denoted  by  LFG(X)  (recall  that  the 
range  space  of  Ix  is  VE  and  since  E  C  L(F,G)  we  have  VE  C  L(F,  LG)-see  definition 
(3.2.2)).  The  stochastic  integral  H  ■  X  is  described  in  definition  (3.2.4).  The  Dolean 
function  /J(m>  of  (M)  is  defined  in  proposition  (4.3.1).  We  let  L^L^(5,M)  denote 
the  closure  of  the  bounded  function  in  Lm  (M). 
Results 

THEOREM  I.  Assume  (a)  H  €  LFq{X)  and  (b)  fDH  dlx  €  VG  for  every  D  £ 
Voo  ®  B(R).  Let  T  be  a  stopping  time.  We  have 

(1)  1MH  €  LFLP  (X)  and  H  6  LFiG{XT). 

(2)  For  any  B  €  B(R)  and  *  €  [0,  oo]  we  have  {H  ■  X)J(B)  =  ((l[[o,r]]#)  ■  X)t(B)  = 
(H-XT)t(B). 

Further,  if  Co  ^>  G  then  we  have 

(3)  (a)  (H  ■  X),  (H  ■  X)T  and  (H  ■  XT)  are  p-summable  relative  to  (R,  LPG). 

(b)  The  process  measures  (H  ■  X)T  and  H  ■  XT  are  equal,  (H  •  X)T  =  H  •  XT. 

THEOREM  II.  Let  E  be  a  Hilbert  space  and  let  M  be  an  E- valued  orthogonal  mar- 
tingale measure  which  satisfies  the  condition: 

sup  E[(M(B))oo  <  oo. 

B€0(R) 

Let  H  6  L^L2  (B,  M)  (observe:  H  is  real  valued). 
Then  we  have 


and 


(Im)k,li(H)  =  ||  /  HdIM\\L%  =  \\H\\Ll(HM)) 


(1) 

(2) 
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THEOREM  III.  Let  £  be  a  Hilbert  space  and  let  M  be  an  E- valued  orthogonal 
martingale  measure  which  satisfies  the  condition: 

sup  E[(M(fl))J  <  oo. 

Let  H  e  L^(B,M).  Then 

(1)  (H  •  M)  is  a  martingale  measure  which  is  2-summable  relative  to  (R,  L2E)  and 

(2)  (H  •  M)  is  an  orthogonal  martingale  measure. 

THEOREM  IV.  Let  {Mt(B);  (^t)t>o,  B  e  B(R)}  be  an  orthogonal  martingale  measure, 
zero  at  zero,  which  satisfies  the  condition: 


sup  (M(5))co  <  oo. 

BeB(R) 


Then  we  have  the  following. 


(i)  There  is  a  positive  (finite)  cr-additive  measure  3  :  Voo  ®B(R)  — >■  [0,  oo),  which 
on  a  cube  in  71  of  the  form  (s,  t]  x  A  x  (x,y]  with  A  G  Tt  is  given  by 

3[(att]  x  A  x  (x,y]]  =  E[lA((M(x,y])t  -  (M(s,y]>,)] 

(ii)  The  finitely  additive  stochastic  measure  Im  '  71  — >  L\  is  absolutely  continuous 
with  respect  to  (3  on  71  (e  —  6  form).  In  fact  we  have 


\Vm(C)\\l1  =  JMc)   for  c  en. 

(iii)  Im  can  be  extended  to  a  <7-additive  measure  on  Voo  ®  B(R)  with  bounded 
semivariation  relative  to  (R,  L%)  given  by 


(Im)u,li(D)  =  \\Im(D)\\l>e    for  D  €  Voo®B(R). 
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PROPOSITION  V.  Let  M  be  an  E- valued  orthogonal  martingale  measure,  zero  at 
zero,  which  satisfies  the  condition: 


sup  E[{M(B))J  <  oo. 

Then  (M)  is  a  process  measure  that  is  summable  relative  to  (R,Z^).  The  semivari- 
ation  of  I(m),  {I(m))r,l^i  can  De  computed  as  follows. 

(V)W' (£>)  =  D  G  V°o  ®  B{R). 

1.3  Bimeasures 

In  this  section  we  briefly  discuss  the  notion  of  a  bimeasure.  This  concept  is  used 
sparingly  in  section  2  of  chapter  2.  In  theorem  (4.2.8)  we  make  use  of  lemma  (1.3.3) 
below.  We  direct  the  reader  interested  in  bimeasures  (and  their  integral  extensions) 
to  the  following  references:  [6,  14,  15,  34,  35,  36,  37,  39,  40,  50,  51,  52]. 
Definition  (1.3.1). 

(a)  We  say  that  a  set  function  /?  :  Ex  x  S2  — >  D  C  L^2\Xi  x  X2,Y)  is  a  vector 
bimeasure  if  it  is  separately  er-additive,  that  is  if 

(i)  /3(E,  •)  :  £2  — ►  D  is  a  countably  additive  vector  measure  for  each  E  €  Si 
and 

(ii)  B(-,  F)  :  Sx  — >  D  is  a  countably  additive  vector  measure  for  each  F  €  £2. 

(b)  If  the  countable  additivities  in  (i)  and  (ii)  are  uniform  we  say  that  (3  is  a  uniform 
vector  bimeasure. 

Remark  (1.3.2). 

(a)  It  turns  out  that  each  scalar  bimeasure  (that  is,  when  Y  is  replaced  by  C)  is 
uniform  (52,  Theorem  4.4) 
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(b)  There  are  bimeasures  that  are  not  uniform.  An  example  can  be  found  in  Do- 
brakov  [14]. 

(c)  We  bring  to  the  reader's  attention  that  bimeasure  theory,  even  in  the  scalar 
case,  is  not  just  the  theory  of  measures.  Thus  it  differs  from  the  theory  of 
product  measures.  It  is  known  (see  Morse  and  Transue  [36],  page  480,  where 
references  are  given)  that  a  bimeasure  (3  :  Ei  x  E2  — ►  R  does  not  admit  a 
decomposition  of  the  form 

(3  =  a  —  7 

where  a  and  7  are  two  positive  bimeasures  on  Ei  x  E2. 

The  next  lemma  says  that  a  bimeasure  is,  infact,  a  finitely  additive  function  on 
T,i  x  E2.  A  proof  of  this  result  may  be  found  in  Muthiah  [37]. 

LEMMA  (1.3.3).  Let  (3  :  Ex  x  E2  — >  D  C  L(2)(Xi  x  X2,Y)  be  a  bimeasure.  Extend 
/3  to  7£(Ei  x  E2),  the  ring  of  finite  disjoint  unions  of  elements  in  Ei  x  E2.  That  is,  if 
(A{,  5,)"=1  =  (A{  x  B,-)"=1  are  disjoint  elements  of  Ei  x  E2,  then  set 

(3(\jAtxB)  =j20(AixBi). 
\«=i  /  i=i 

The  set  function  (3  extended  in  this  manner  is  well  defined. 

REMARK  (1.3.4).  Lemma  (1.3.3)  is  still  time  if  B  is  only  separately  finitely  additive 
in  each  component. 


CHAPTER  2 

PROCESS  MEASURES,  SUMMABILITY  AND  INTEGRATION 

IN  BANACH  SPACES 


The  purpose  of  this  chapter  is  to  assemble  the  necessary  background  for  this 
dissertation.  This  chapter  is  divided  into  three  sections.  In  the  first  section  we 
introduce  the  concept  of  a  process  measure  and  some  of  its  specializations.  The 
definition  of  a  process  measure  is  a  natural  outgrowth  of  the  already  existing  notion 
of  a  martingale  measure  (not  in  the  sense  of  the  term  as  it  is  used  in  mathematical 
finance).  Process  measures  will  play  a  fundamental  role  in  the  theory  of  stochastic 
integration  that  we  consider  in  the  next  chapter.  In  fact,  there,  we  consider  stochastic 
integrals  where  the  integrator  is  a  stochastic  measure,  Ix,  induced  by  a  process 
measure,  X.  In  section  two  we  discuss  some  properties  of  Ix  (such  as  summability) 
which  will  be  needed  later.  Finally  in  the  third  section  we  summarize  the  general 
integration  theory  in  Banach  spaces  (this  is  taken  from  the  appendix  of  Brooks  and 
Dinculeanu  [4]).  This  theory  serves  as  the  foundation  for  the  stochastic  integration 
theory  that  we  introduce  in  the  next  chapter. 

We  now  introduce  the  notation  that  will  be  employed  in  this  chapter  (and  the 
following  ones).  Let  (fl,  T ,  (^t)t>o,  P)  denote  a  filtered  probability  space  satisfying 
the  'usual  conditions'.  By  'usual  conditions'  we,  of  course,  mean  that  (1)  Tq  is 
complete  and  (2)  J-t  is  right  continuous  for  each  t  >  0,  that  is,  Ft+  =  Ft-  We 
specialize  the  a-algebras  Si  and  S2  in  section  3  of  chapter  1  to  Si  =  Voo  and  S2  =  £, 
where  Voo  denotes  the  predictable  cr-algebra  on  R+  x  fi  (see  [9])  and  C  denotes  the 
cr-algebra  on  some  underlying  Lusin  space.  In  fact  in  the  following  chapters  we  shall 
replace  C  by  B(R)  (the  Borel  cr-algebra  on  R)  as  there  is  no  loss  of  generality.  Let 
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E,F,G  denote  Banach  spaces.  The  notation  L(F,G)  denotes  the  Banach  space  of 
bounded  linear  operators  from  F  to  G.  When  we  write  E  C  L(F,G)  we  mean  that 
E  is  continuously  embedded  in  L(F,G). 

2.1    Process  Measures 

Definition  (2.1.1). 

(I)  Let  X  :  R+  x  0,  x  C  — >  E  C  L(F,  G)  be  cadlag  (that  is,  right  continuous  with 
left  limits)  such  that  Xt(B)  €  LPE(P)  =  LPE,  where  1  <  p  <  oo.  We  say  that 
{Xt(B),  t>0,  B  e  £}  is  a  Process  Measure  iff: 

(a)  {Xt(B),t  >  0}  is  ^-adapted,  V  B  e  C. 

(b)  For  each  t  >  0,  Xt(-)  is  a  L^-valued  cr-additive  measure. 

(II)  We  say  that  {Xt(B),t  >  0,  B  G  £}  is  a  Martingale  Measure  if  it  satisfies 
condition  (b)  in  (I)  and  it  satisfies  (b')  below 

(b')  {Xt(B),t  >  0}  is  a  ^-martingale,  for  each  B  G  C. 

(III)  Let  p  =  2  and  E  a  Hilbert  space.  An  Orthogonal  Martingale  Measure  is  a 
martingale  measure  that  satisfies  condition  (d)  below 

(d)  X(A)  and  X(B)  are  orthogonal  martingales  for  A,BeC  and  AC\B  = 
('orthogonal'  here  means  that  the  sharp  bracket  of  X(A)  and  X(B),  that 
is  (X(A),X{B)),  is  zero.) 

(IV)  A  martingale  measure  has  Nuclear  Covariance  if  there  exists  a  finite  measure 
/j,  on  (L,C)  and  a  complete  orthonormal  system  (CONS)  of  real  valued  step 
functions  (4>k)tLi  m  L2(L,C,fi)  such  that 

(i)  n(A)  =  0       E[(Xt{A))2]  =0,VAeC,VteR+  and 

(ii)  E£i  E[(M<f>k))2}  <  oo,  V  t  €  R+. 
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Note:  For  (ii)  above  we  define  Xt{<j>k)  as  follows.  If  4>k  —  Yl\=i  <*\lAt  then  define 
Xt(<f>k)  by 

1=1 

In  chapter  4  we  prove  that  orthogonal  martingale  measures  that  satisfy  a  certain 
condition  are  2-summable  (see  Section  2  of  this  chapter  for  definitions).  We  also 
prove  there  that  a  special  case  of  martingale  measures  with  nuclear  covariance  is 
2-summable. 

2.2    The  Stochastic  Measure  Ix 

Let  X  be  a  process  measure.  Denote  by  'R.-p  the  ring  of  finite  disjoint  unions 
of  predictable  rectangles  of  the  form  (s,t]  x  A  with  0  <  s  <  *  <  oo,  A  €  T,  and 
{0}  x  B  =  [Ob]  with  B  G  J-q.  Note  that  %-p  generates  V.  Define  a  finitely  additive 
stochastic  measure  Ix  '■  Tlv  x  £  — >  LPE  first  for  cubes  by 

Ix([0a]  xB)  =  lAX0(B),  A  e  Fo,  B  e  C  (2.1) 

and 

Ix(((s,t]  xA)xB)  =  lA[Xt(B)  -  X,(B)],  A  e  Fs,  B  e  C.  (2.2) 

and  then  extend  Ix  in  an  additive  fashion  to  H(Hj>  x  £),  the  ring  of  disjoint  unions 
of  rectangles  from  TZp  x  C.  Observe  that 

lx(([0,t]  x  ft)  x  B)  =  Xt(B),  for  t>0;  (2.3) 

for  the  left  hand  side  of  (2.3)  can  be  written  as 

lx[({0}  x  ft)  x  B)\J((0,t]  x  ft)  x  B]  =  laX0(B)  +  la[Xt{B)  -  X0(B)]  =  Xt(B). 

Following  the  usual  conventions  we  denote  by  Xoo_(-)  the  limit  of  X(-)  at  oo  if  it 
exists  [9].  If  X  is  a  summable  process  measure  (see  theorem  (2.5.5),  part  (a))  then 
the  left  limit  of  X(-)  exists  at  oo  in  LPE. 
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Semivariation  of  Ix- 

The  reader  is  directed  to  section  3  for  the  notion  of  semivariation.  We  note  here 
that  the  inclusion  E  C  L(F,G)  implies  that  VE  C  L(F,LG);  hence  we  may  compute 
the  semivariation  of  Ix  relative  to  the  pair  (F,  LPG).  We  denote  this  semivariation  by 
IptG  (=  If,lpg)  and  it  is  defined  by 

7F,G(C)  =  sup||$:/x(C,)x,||LP  (2.4) 

where  C  €  TZ(7lj>  x  £)  and  the  sup  in  (2.4)  is  taken  over  all  finite  families  of  elements 
(x,)  €  F  with  <  1  and  disjoint  sets  (C,)  from  H(TZp  x  £)  contained  in  C.  If  Ix 
can  be  extended  to  V®£,  then  If,g  is  defined  similarly,  except  now  on  sets  in  "P®£. 
We  say  that  Ix  has  finite  semivariation  relative  to  (F,  LG)  if  If,g(C)  <  oo,  for  every 
C  in  IZ(IZ-p  x  £)  (or  V  <g>  £  as  the  case  may  be). 
When  Can  We  Extend  Ix  to  R(P  x  £)? 

For  ease  of  discussion  in  this  section  denote  Ix  by  the  symbol  /3.  That  is,  let 
P  :  Tlv  x  £  — ►  be  given  by  P((s,t]  x  A,B)  =  Ix(({s,t]  x  A)  x  5).  From 
(2.1)  and  (2.2)  we  realize  that  for  each  (s,t\  x  A  fixed,  /?((s,  2]  x  A,  •)  is  a  valued 
<7-additive  measure  (remember  that  X  is  a  process  measure)  and  for  each  B  fixed, 
P(-,B)  is  finitely  additive  (as  an  element  of  E).  An  immediate  question  one  may 
ask  now  is  as  follows:  under  what  conditions  can  we  extend  /?(-,5)  to  a  <r-additive 
measure  on  V^l  The  extension  theorem  in  Brooks  and  Dinculeanu  [5]  (Theorem  28, 
page  345)  provides  us  with  a  condition  that  answers  this  question  affirmatively.  The 
condition  is  given  in  (2.5)  below. 

Condition.  Assume  (i)  E  does  not  contain  a  copy  of  Co  and  (ii)  /?(•,  B)  is  (2-5) 
bounded  on  TZ-p. 

If  we  now  allow  the  condition  in  (2.5)  to  be  in  force,  the  next  natural  question  to 
ask  is  whether  (3  :  Voo  X  £  — >  LPe  1S  a  bimeasure.  Recall  that  (3(A,  •)  is  cr-additive  in 
£  for  each  A  €  IZ.  What  we  would  like  to  know  is  whether  (3(A,  •)  is  cr-additive  in  £ 
for  each  A  6  "Poo-  The  answer  to  this  question  is  indeed  yes.  Let  us  provide  a  proof. 
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Denote  by  M.  the  set 

M  =  {Ae  Voo  :  {3(A,  •)  is  a  cr-additive  measure  on  £}. 

We  know  that  Tip  C  M..  We  show  that  M.  is  a  monotone  class.  Hence  let  (An)  be 
a  sequence  in  Ai  and  suppose  that  (An)  "j"  (\.)A  and  prove  that  A  €  At.  For  each 
B  (z  £,  we  have 


Applying  the  generalized  Nikodym  Theorem  ([18],  page  321)  to  the  family  of  measures 
{/?(An,  and  using  (2.6)  we  obtain  that  (3(A,  •)  is  a  cr-additive  measure  on  C.  It 

follows  that  Ai  is  a  monotone  class  and  hence  Ai  =  V.  Thus  f)  is  a  bimeasure. 
Summable  Processes 

The  above  line  of  thought  leads  us  to  ask  when  Ix  can  be  extended  to  a  VE  valued 
cr-additive  measure  on  <8>  £■  The  next  definition  formalizes  this  notion. 
DEFINITION  (2.2.1).  We  say  that  a  process  measure  X  is  p-summable  relative  to 
(F,  G)  if  its  corresponding  stochastic  measure,  which  is  additive  on  7£(7£p  x  £),  can 
be  extended  to  a  cr-additive  LPE  valued  measure  on  the  cr-algebra  Voo  <8>  £  with  finite 
semivariation  (Section  3)  relative  to  (F,Lq). 

REMARK  (2.2.2).  We  do  not  have  a  general  criterion  (such  as  (2.5))  to  determine  if 
X  is  p-summable.  However,  in  chapter  4  we  prove  that  X  is  p-summable  under  each 
of  the  following  conditions: 

(1)  X  is  an  orthogonal  martingale  measure. 

(2)  X  is  a  special  case  of  a  martingale  measure  with  nuclear  covariance. 

Remark  (2.2.3).  The  notion  of  summability  of  a  process  measure  is  important 
because  it  allows  us  to  construct  the  stochastic  integral  with  respect  to  X  (see 
chapter  3). 


(2.6) 


Remark  (2.2.4). 
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(a)  When  p  =  1  we  simply  say  that  X  is  summable  relative  to  (F,G).  Suppose  we 
consider  E  as  E  =  L(R,  E)  and  if  X  is  p-summable  relative  to  (R,F)  then  we 
just  say  X  is  p-summable. 

(b)  If  1  <  p'  <  p  <  oo  and  if  X  is  p-summable  relative  to  (F,  G),  then  X  is 
p'-summable  relative  to  (F,G).  This  is  seen  immediately  if  one  recalls  that 
Lq  C  Lq  on  a  finite  measure  space. 

(c)  If  X  is  p-summable  relative  to  (F,  G)  then  for  any  t  >  0  we  have  Xt_{-)  G  VE  and 
/jf  (([0,  <)  *  ft)  x  fl)  =  For  let  <„  |  f,  then  Ix(([0,  <»]  xfi)xB)  =  Xfn(£) 
(by  (2.2))  and  Xtn(B)  — >  Xt_(B)  as  Xt(>)  is  cadlag.  By  the  cr-additivity  of 
Ix  on  Poo  ®  £  we  have  Xtn(B)  =  /x(([0,<n]  x  ft)  x  #)  — >■  /x(([0,<)  x  ft)  x  0) 
in  Z£.  Hence  7^(([0,<)  x  ft)  x  B)  =  Xt_{B)  P.a.e.  and  Xt_(B)  €  L^. 

Computing  7^  on  Stochastic  Intervals. 

The  predictable  <j-algebra  V  is  generated  by  stochastic  intervals  of  the  form  [9] 

((5,  T]]  =  {(t,  w)  G  R+  x  ft  :  5(u;)  <  <  <  7»},  (2.7) 

where  5,  T  are  stopping  times  with  S  <  T. 

The  other  stochastic  intervals  in  Poo  are  similarly  defined  (((S,T]],[[S]],  QS,T)) 
etc.).  We  shall  at  this  point  extend  the  <r-algebra  V  to  V<x>  =  V  U  ({{oo}}  x  ^"oo) 
where  ^  =  \Jt>o^t-  Then,  if  A"  is  p-summable,  we  extend  it  to  Poo  <8>  £  by  setting 
7*(({{oo}}  x  A)  x  B)  =  0,  where  4  G  J^. 

We  now  present  a  theorem  which  extends  Ix  to  stochastic  intervals.  The  reader 
will  note  that  in  the  statement  of  this  theorem  the  set  B  G  C  is  fixed.  Hence  this 
theorem  is  really  nothing  but  theorem  2.2  [4].  This  theorem  is,  however,  about  process 
measures  and  hence  is  an  extension  of  the  theorem  in  Brooks  and  Dinculeanu  [4].  It 
will  turn  out  to  be  extremely  useful  in  the  next  chapter. 

THEOREM  (2.2.5).  Let  X  be  a  process  measure  which  is  p-summable  relative  to 
(F,  G)  and  let  B  G  C. 
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(a)  The  left  limit  at  oo  of  X(B),  which  we  denote  by  X^B),  exists  in  VE.  That 
is,  we  have  lim  Xt(B)  =  X^B)  in  LPE.  For  A  £  Tt,  we  have 

t — ►CO 

/*[((*,  oo)  xA)xB}  =  U[X»(B)-Xt(B)]. 
If  X(B)  has  a  pointwise  left  limit  then  Xoo(B)  =  X00_(B)  a.s. 
For  parts  (b),  (c)  and  (d)  consider  X(X,_(B)  —  Xoo(B)  a.s. 

(b)  For  any  stopping  time  T,  we  have  XT(B)  G  VE  and  Ix([[0,T}}  x  B)  =  XT(B). 

(c)  In  the  case  that  T  is  a  predictable  stopping  time  we  have  Xj_(B)  6  and 
Ix([[0,T))  xB)  =  XT_(B)  and  IX([[T}]  x  B)  =  AXT(B). 

(d)  Suppose  S  and  T  are  stopping  times  with  S  <  T.  Then  IX{((S,T]]]  x  B}  = 
Xt(B)  —  Xs{B).  We  also  have  the  following  three  cases: 

(i)  Ix([[S,T]]  x  B)  =  XT(B)  -  XS_{B)  if  S  is  predictable. 

(ii)  7X(((5,T))  x  B)  =  Xr_(fl)  -  XS_(B)  if  T  is  predictable  and 

(Hi)  IX([[S,T))  x  B)  =  XT_(B)  -  XS.{B)  if  both  S  and  T  are  predictable. 

2.3    Integration  in  Banach  Spaces 

This  section  is  mainly  a  summary  of  results  from  the  theory  of  general  bilinear 
vector  integration  with  respect  to  a  Banach  valued  measure  as  developed  in  the 
appendix  of  Brooks  and  Dinculeanu  [4].  For  more  details  the  reader  may  consult 
Diestel  and  Uhl  [11]  and  Brooks  and  Dinculeanu  [3].  We  also  provide  a  brief  outline 
of  this  theory.  We  apply  this  theory  in  chapter  3  to  construct  a  stochastic  integral 
with  respect  to  p-summable  process  measures. 

Notation  (2.3.0).  (0)  For  the  rest  of  this  section  the  letter  m  will  denote  either 
a  finitely  or  countably  additive  measure  on  a  ring  It  or  a  <r-algebra  S,  which  is 
generated  by  11.  (1)  The  letters  E,  F,  G  for  the  remainder  of  this  paper  will  represent 
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Banach  spaces.  The  norm  on  these  spaces  will  be  denoted  by  |  •  |  (or  |  •  \e,  |  ■  |f  and 
|,  |G  if  we  need  to  be  specific).  (2)  The  dual  of  a  Banach  space  X  will  be  denoted  by 
X*  and  the  unit  ball  of  X  by  Xx.  (3)  We  shall  write  L(F,  G)  for  the  space  of  bounded 
linear  operators  from  F  to  G.  (4)  The  inclusion  E  C  L(F,  G)  will  be  taken  to  mean 
that  E  is  continuously  embedded  in  L(F,  G).  Two  examples  of  this  are  E  =  L(R,  E) 
and  E  C  L(E*,R)  =  E**.  (5)  We  say  that  a  subset  Z  C  E*  is  norming  for  E  if  for 
every  x  €  E,  \x\  can  be  written  as 

1*1  =  SUP{I(*>2)I  :  z  €  Zi}. 

Observe  that  E*  is  norming  for  E  and  E  C  E"  is  norming  for  E*  (by  an  application 
of  a  corollary  to  the  Hahn-Banach  Theorem).  We  record  now  an  important  example 
of  a  norming  space  for  later  use.  Let  (fl,  T,  P)  be  a  probability  space,  let  1  <  p  <  oo 
and  let  q  be  conjugate  to  p,  that  is  i  +  ^  =  1.  Then  L%,  C  (LPE)*  and  L9E.  is  norming 
for  VE  (see  Dinculeanu  [12]  ,  page  232).  Further  if  H  is  a  ring  generating  J7  (the 
u-algebra  for  the  underlying  space  £),  then  the  E*  valued  simple  functions  over  1Z 
form  a  norming  space  for  LPE. 

DEFINITION  (2.3.1).  We  call  a  family  (ma)Q€/  of  ^-valued  measures  on  the  ring  71 
uniformly  cr-additive  if  for  every  decreasing  sequence  An  |  0  of  sets  from  1Z  we  have 

lim  ma(An)  =  0 

n — too 

uniformly  with  respect  to  a. 

Remark  (2.3.2).  A  finitely  additive  measure  m  :  71  — >  E  is  cr-additive  iff  the 
family  {x*m;x*  6  E\}  of  scalar  measures  is  uniformly  <7-additive.  The  measure 
x*m  :  71  — ►  R  is  defined  by 

(x*m){A)  =  (m(A),x*),   for  A  G  71. 
The  Variation  of  a  Measure. 


DEFINITION  (2.3.3.).  Let  m  :  71  — >  E  be  a  finitely  additive  measure.  The  variation 
of  m  is  the  set  function  \m\  :  71  — >  R+,  defined  for  each  A  G  71  by 

\m\(A)  =  supS|m(A,)| 

where  the  sup  is  taken  over  all  finite  families  (Ai)  of  disjoint  subset  from  7Z  with 
UAi  =  A. 

REMARK  (2.3.4).  m  is  finitely  (countably)  additive  iff  |m|  is  finitely  (countably) 
additive  (see  Dinculeanu  [12],  Proposition  10,  page  41). 
DEFINITION  (2.3.5).  A  measure  m  :  71  — ►  E  has  finite  variation  if 

\m\(A)  <  oo    VA  e  71. 

The  measure  m  has  bounded  variation  if  sup{|m|(y4);  A  €  71}  <  oo. 

REMARK  (2.3.6).   If  m  :  71  — y  R  is  a  bounded  measure  then  m  has  bounded 

variation.  This  follows  since  for  a  real  valued  measure  we  have 

|m|(;4)  <  2  sup  \m(B)\ 

BCA 

(see,  for  example,  Proposition  7,  page  39  in  Dinculeanu  [12]). 

Finally  let  m  :  S  — 1  E,  where  E  is  a  (T-algebra,  be  cr-additive.  Then  a  set  or  a 
function  is  called  m-negligible  if  it  has  the  same  property  with  respect  to  |m|.  For  any 
Banach  space  F  we  shall  denote  the  F-valued  integrable  functions  with  respect  to  m 
by  Lp(m)  =  Ljr(|m|)  and  we  endow  this  space  with  the  semi-norm  ||/||i  =  /  |/|<f|ra|. 
If  E  C  L(F,G),  then  for  any  simple  function  /  €  £}r(m),  we  define  //  dm  €  G  in 
the  standard  way.  For  a  general  /  €  L^(m),  the  integral  is  obtained  as  the  limit  of 
the  integrals  of  step  functions. 

We  now  present  an  important  extension  theorem  which  will  be  necessary  for  the 
construction  of  the  stochastic  integral. 

THEOREM  (2.3.7).  Assume  that  E  does  not  contain  (an  isomorphic)  copy  of  Co  and 
let  Z  C  E*  be  a  norming  space  for  E.  Let  (f2,jT, /i)  be  a  measure  space,  1  <  p  <  oo, 
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and  let  m  :  11  — >  LpE(fi)  be  a  finitely  additive  measure.  For  each  z  €  Z  define  the 
measure  zm  :  K  — ¥  Lp(fi)  by  (zm)(A)  =  (m(A),z)  =  f(m(A)(w),z(w))  dfi,  for 
A  ell.  If  m  is  bounded  on  11  and  if  for  each  z  €  Z,  the  measure  zm  is  cr-additive 
on  11,  then  m  can  be  uniquely  extended  to  a  cr-additive  measure  mi  :  S  — >  LE(fx), 
where  £  is  the  cr-algebra  generated  by  the  ring  1Z. 
Semivariation  of  a  Measure 

DEFINITION  (2.3.8).  (1)  The  Semivariation  relative  to  the  pair  (F,G)  of  a  finitely 
additive  measure  m  :  U  — ►  E  C  L(F,  G)  on  any  set  A  €  R  is  denoted  by  m>,G(A) 
and  it  is  defined  as 

mF<G(A)  -  sup  "%2m(Ai)xi 

where  the  supremum  is  taken  over  all  finite  families  (i4,)j£/  of  disjoint  sets  from  11, 
with  union  A,  and  all  finite  families  (x,),€/  of  elements  from  Fx.  (2)  We  say  that  m 
has  finite  (bounded)  semivariation  relative  to  (F,  G)  if  mF,G(A)  <  oo  for  every  A  €  11 
(sup{mFtG(A)  :  A  €  11}  <  oo). 

REMARK  (2.3.9).  Observe  that  we  may  write  mF<G(A)  above  as 


mFG{A)  =  sup  \J  h  dm 


where  the  sup  is  taken  over  all  F-valued  7£-measurable  simple  functions  h  such  that 
\h\F  <  l>t>  where  /  h  dm  is  defined  as  usual. 

LEMMA  (2.3.10).  Let  m  :  11  — ►  E  C  L(F,G)  be  finitely  additive.  For  z  €  £*, 
define  the  set  function  mz  :  1Z  — >•  R  by  m2(A)  =  (m(A),z).  Then  mz  is  a  finitely 
additive  measure.  If  m  is  countably  additive,  then  so  is  mz. 

The  proof  of  this  lemma  is  straightforward  and  may  be  found  in  Dinculeanu  [12], 
page  39. 

The  next  lemma  (already  observed  in  remark  (2.3.6))  is  a  standard  result.  We 
state  it  explicitly  for  future  reference. 

LEMMA  (2.3.11).  Let  m  :  1Z  — >  R  be  a  cr-additive  measure.  Then  for  any  set 
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A  G  71,  |m|(v4),  where  \m\  denotes  the  variation  of  m,  has  the  following  bound: 

\m\{A)<2   sup  \m(B)\. 

A  proof  of  this  lemma  can  be  found  on  page  39  of  Dinculeanu  [12]. 

A  useful  fact  concerning  the  semivariation  of  a  measure  that  will  come  in  handy 
is  the  next  lemma. 

LEMMA  (2.3.12).  The  semivariation  of  a  set  function  m  :  71  — >  E  C  L(F,C)  —  F* 
relative  to  (F,  C)  is  equal  to  the  variation  of  m. 

A  proof  of  this  lemma  can  be  found  on  page  54  of  Dinculeanu  [12]. 

The  next  proposition  says  that  the  semivariation  relative  to  (F,G),  say,  of  a 
measure  m  can  also  be  computed  in  terms  of  the  variation  of  a  measure  with  finite 
variation. 

PROPOSITION  (2.3.13).  Let  m  :  71  — >  E  C  L(F,G)  be  a  finitely  additive  measure. 
For  each  z  G  G*  denote  by  mz  :  71  — ►  L(F,  C)  =  F*  the  set  function  defined  by  the 
equality  mz(A)x  =  (rn(A)x,  z),  for  A  G  71  and  x  G  F.  Let  Z  C  G*  be  norming  for  G 
and  assume  that  m(0)  =  0.  Then  for  every  A  G  TZ  we  have 

™>FiG(A)  -     sup  |m2|(A). 
\z\<i,zez 

We  remark  that  if  m  is  finitely  additive  (respectively,  countably  additive)  then  mz 
has  the  corresponding  property.  A  proof  for  the  above  proposition  may  be  found 
on  page  55  of  Dinculeanu  [12].  The  next  proposition  is  an  application  of  the  earlier 
results. 

PROPOSITION  (2.3.14).  Let  m  :  71  — >  E  =  L(R,  E)  be  finitely  additive.  Then  m 
has  bounded  semivariation  relative  to  (R,  E)  iff  m  is  bounded  on  7Z. 
Proof.  Let  Z  C  E*  be  norming  for  E  and  let  A  G  7Z.  Assume  that  m  is  bounded  on 
7Z.  We  then  have  sup{|ra(5)|;  B  C  A,  B  G  R}  <  oo.  Computing  m^^A)  we  have 
m^E(A)     -    sup  |m2|(A)  <  2    sup  |m2(fi)| 

z£E?  BCA.,B£K 

■"•  (2.8) 
=   2    sup    |(m(5),z)|  <  2  sup  |m(£)|  <  oo 

BQA,B£R  BCA 
i€E.*  sen 
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The  first  equality  in  (2.8)  is  by  proposition(2.3.13)  and  the  first  inequality  in  (2.8)  is 
by  lemma  (2.3.11)  as  mz  is  a  scalar  measure.  Thus  m  is  of  bounded  semivariation 
relative  to  (R,  E)  on  71.  Conversely  assume  m  is  of  bounded  semivariation  relative 
to  {R,E).  Then  sup{mKE(A);A  €  71}  <  oo.  That  is, 


the  families  (A,-)  and  (x.)  are 

sup  sup   I  |Em(A,-)xj|; 

Aen(A,Ux,)  I  ^  jn  definition  (2.3.8)  with  |x,|  <  1 


>  <  oo.  (2.9) 


In  particular  take  all  the  x,  to  be  1.     The  statement  in  (2.9)  then  becomes 

sup  |m(A)|  <  oo.  That  is,  m  bounded  on  71.  ■ 
Aen 

The  next  proposition  compares  the  semivariation  of  the  finitely  additive  measure 
m  :  71  — V  E  C  L(F,G)  computed  relative  to  various  pairs  of  spaces. 
PROPOSITION  (2.3.15).   Let  m  :  71  — >  E  C  L(F,G)  be  finitely  additive  (the 
inclusion  E  C  L(F,  G)  means  that  E  is  isometrically  embedded  in  L(F,  G)).  We  have 

"iR,f;  <  mF,G  <  rriE'M- 

For  a  proof  see  Dinculeanu  [12],  page  51.  Let  us  return  to  proposition  (2.3.13)  for  a 
moment.  We  know  from  there  that  if  rhp^a  is  bounded,  then  for  each  z  £  Z  \mz\  is 
bounded  (infact  the  family  {|m2|}z6z  is  uniformly  bounded).  In  the  case  that  Z  is  a 
closed  subspace  of  G*  the  converse  is  also  true  (5,  page  326).  We  state  this  converse. 
PROPOSITION  (2.3.16).  Let  m  :  %  — >  E  C  L(F,  G)  be  finitely  additive.  Assume  Z 
is  a  closed  subspace  of  G* ,  norming  for  G.  If  the  variation  \mz\  is  bounded  on  71  for 
each  z  €  Z,  then  rhftG  is  bounded  on  71. 

The  next  proposition  is  essential  in  establishing  the  fact  that  an  orthogonal  mar- 
tingale measure  is  2-summable,  which  is  done  in  chapter  4. 

PROPOSITION  (2.3.17).  Let  m  :  71  — >  E  C  L(F,G)  be  a  finitely  additive  measure 
with  bounded  semivariation  rh'FG.  If  m  has  a  cr-additive  extension  m'  to  E,  then  m' 
has  bounded  semivariation  m^G  on  E  and  m'FG  is  the  extension  of  rnp^a- 
For  a  proof  see  page  326  in  Brooks  and  Dinculeanu  [5]. 
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NOTATION  (2.3.18).  Let  m  :  E  — ^£c  L(F,G)  be  a  finitely  additive  measure. 
Denote  by  the  symbol  m^c  the  set  of  positive  measures  given  by 

mF,G  =  {\mz\  :  z  6  Zi). 

REMARK  (2.3.19).  Observe  that  mp^  is  uniformly  cr-additive  iff  mjriG(/ln)  — >  0 
whenever  >ln  |  0  (apply  proposition  2.3.13). 

An  important  question  that  one  may  ask  is:  Under  what  conditions  is  the  set 
m.F,G  uniformly  cr-additive?  The  next  proposition  answers  this  question  [14]. 
PROPOSITION  (2.3.20).  Let  ro  :  E  — ►  L(F,G)  be  cr-additive  and  suppose  that 
Co  <f-  G.  Then  rnpfi  is  uniformly  <r-additive  on  E. 

REMARK  (2.3.21).  Infact,  in  the  previous  proposition  E  may  be  replaced  by  1Z  (5, 
page  327). 

Measurable  and  Negligible  Notions  with  Respect  to  mp,G 

CAUTION  (2.3.22).  Henceforth  we  will  assume  that  m  :  E  — ►  E  C  L(F,G)  is 
finitely  additive  and  has  bounded  semivariation  mf,G-  The  letter  Z  C  G*  will  denote 
a  norming  space  for  G.  We  will  also  assume  that  the  elements  \mz\  of  m^.G  are 
cr-additive  measures. 

Let  S  denote  the  underlying  space  for  E.  We  will  consider  F-valued  functions  on 
S,  f  :  S  — >  F. 

DEFINITION  (2.3.23).  A  set  Q  C  S  is  said  to  be  m-negligible  if  there  exists  a  set 
AeE  with  Q  C  A,  such  that  m(B)  -  0  for  every  B  C  A,  B  G  E. 

From  the  definition  above  it  follows  that  a  set  A  6  E  is  m-negligible  iff  mpfiiA)  —  0. 
DEFINITION  (2.3.24).  Let  D  be  any  Banach  space.  A  function  /  :  S  — >  D  is  said 
to  be  m  negligible  (i.e.,  /  =  0  m-a.e.)  if  it  vanishes  outside  an  m-negligible  set. 
DEFINITION  (2.3.25).  Let  Q  be  any  subset  of  S.  We  say  that  Q  is  mFtG  negligible 
if  for  each  z  €  Z,  Q  is  contained  in  an  |m2|-negligible  set. 

DEFINITION  (2.3.26).  (1)  We  call  a  function  /  :  S  — >  D  mF,G-measurable  if  it  is 
m2-measurable  for  every  z  €  Z.  (2)  We  shall  say  that  /  :  S  — >  D  is  m-measurable 
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if  it  is  the  m-  a.e.  limit  of  a  sequence  of  Z)-valued  E-measurable  simple  functions. 
REMARK  (2.3.27).  A  little  computation  will  show  that  if  /  is  m-measurable  then 
/  is  m^c-measurable.  The  next  proposition  says  that  the  converse  is  true  provided 
m,F,G  is  uniformly  cr-additive  (5,  page  328). 

Proposition  (2.3.28).  Suppose  m^G  is  uniformly  cr-additive.  Then  a  function 
/  :  5"  — >  D  is  m-measurable  iff  it  is  m^c-measurable. 
The  Semivariation  of  a  Function 

DEFINITION  (2.3.29).  Let  /  :  S  — >  D  (or  R)  be  a  m /^-measurable  function.  We 
define  mV,G(/)  as 


mF,G{f)  =  "»f,g(|/|)  =  sup  ||y  s  dm|J , 


where  the  supremum  is  extended  over  all  F- valued,  E-measurable  simple  functions  s 
such  that  |s|  <  |/|  on  S. 

Observe  that  for  A  €  £  we  have  i^lA)  =  ^(1^).  The  next  proposition  is 
similar  to  proposition  (2.3.13)  (see  Brooks  and  Dinculeanu  [5],  page  329,  for  a  proof). 
PROPOSITION  (2.3.30).  Let  /  :  S  — >  D  be  any  mp,G  measurable  function  and  let 
Z  C  G*  be  norming  for  G.  Then 


mF,G(f)  =  SUP  {/  l/l  d\m*\  :  «  €  Zij . 


We  next  list  four  properties  of  the  semivariation  operator  m/r,G-  These  along  with 
others  may  be  found  on  page  330  in  ref  5. 
Properties  of  mV,G  (2.3.31). 

(a)  mV,G  is  subadditive  and  positively  homogeneous  on  the  space  of  m^a  measur- 
able functions. 

(b)  mf,G(/)<mf,G(S)  if|/|<M- 

(c)  rn.Fta{J2  fn)  <     mF,G(fn),  for  every  sequence  of  positive  mp^G  measurable  func- 
tions. 
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(d)  If  mFiG(/„  -  /)  — ►  0,  then  /„  — ►  f  in  mF>G-measure  and  there  exists  a 
subsequence  (/nJ  converging  m^c-a.e.  to  /. 

The  Space  of  m^G-Integrable  Functions. 

We  remind  the  reader  that  caution  (2.3.22)  is  in  effect.  Let  D  be  a  Banach  space. 
NOTATION  (2.3.32).  We  denote  by  TD{mFyG)  the  set  of  all  mF,G-measurable  func- 
tions /  :  S  — V  D  such  that  mFtG(f)  <  oo. 

REMARK  (2.3.33).  The  vector  space  ffl(mjri(;)  is  complete  with  respect  to  the 
seminorm  mF,G-  To  establish  completeness  use  property  (c)  of  (2.3.31)  and  construct 
the  limiting  function  for  a  Cauchy  sequence  in  ^(mp.G)  in  the  same  way  as  is  done 
when  one  attempts  to  show  that  L1  is  complete  [17,  23,  46]  That  mFiG  is  a  seminorm 
on  ^d("If,g)  is  seen  from  (2.3.31),  part  (c).  The  space  .^(mF.G)  is  called  the  space 
of  D- valued  mF,G-integrable  functions.  Observe  also  that  the  definition  of  ^(m^.G) 
implies  that  for  each  z  e  Z,  ^(^.g)  is  continuously  embedded  in  LlD{\mz\),  the 
space  of  D  valued  mz  integrable  functions. 

The  next  proposition  is  an  analogue  of  proposition  (2.3.16). 
PROPOSITION  (2.3.34).  Assume  Z  is  closed  in  G*.   Let  /  :  S  — >  D  be  mF,G- 
measurable.  Then  mFtG(f)  <  oo  iff  /  \f\d  \mz\  <  oo,  for  each  z  €  Z. 

This  proposition  leads  to  the  important  characterization  of  Td  (mF,G)  given  in 
the  next  corollary. 

Corollary  (2.3.35).  If  Z  is  closed  in  G*,  then 

FD{mFtG)  =  fl  Ld{\™z\). 
zez 

Notation  (2.3.36). 

(1)  Let  Bo-,  Sd{T^)  and  Sd(%)  denote  the  subspace  of  D- valued,  m/r ^-measurable 
functions  which  are  bounded,  7£-simple  and  S-simple  respectively.  It  is  clear 
that  all  these  spaces  are  contained  in  ^£)(mF,G)- 

(2)  If  C  is  any  subspace  of  J-D{mF,G),  denote  by  ^i)(C,mjpfo)  the  closure  of  C  in 
^d^f.g))  which  is,  of  course,  complete. 
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We  now  present  the  formulation  of  the  Vitali  and  Lebesgue  Theorems  in  terms  of 
mp,G  (see  Brooks  and  Dinculeanu  [4]) 

THEOREM  (2.3.37).  (Vitali).  Let  (/„)  be  a  sequence  from  FD{mF,G)  and  let  /  : 
S  — ►  D  be  mF,G-measurable.  If  condition  (1)  below  and  either  of  conditions  (2a)  or 
(2b)  are  satisfied,  then  /  €  Fd{™f,g)  and  /„  — ►  /  in  foKc). 

(1)  »?»F,G(/nU)  — ►  0  as  mF,G(U)  — ►  0,  uniformly  in  n; 
(2a)  /„  — >  f  in  jtif.g  measure 

(2b)  /„  — ►  /  pointwise  and  mFiG  is  uniformly  cr-additive. 

Conversely,  if  /„  — >  f  in  Td(B,™f,g),  then  conditions  (1)  and  (2a)  are  satisfied. 
THEOREM  (2.3.38).  (Lebesgue).  Let  (/„)  be  a  sequence  from  FD{B,mF,G),  let 
/  :  S  — ►  D  be  an  m^G-measurable  function  and  g  €.  ^(B,  mFiG).  If 

(1)  |/n|  <  9  mF,G-a.e.  for  each  n,  and  any  one  of  the  conditions  (2a)  or  (2b)  below 
is  satisfied: 

(2a)  /„  — >  f  in  mFG-measure 

(2b)  /„  — >  f  pointwise  and  ttofg  is  uniformly  cr-additive 

then  /  e  Fd{B,™f,g)  and  /„  — ►  f  in  fD(mfiG).  The  next  proposition  gives  some 
closure  properties  of  subspaces  of  Fd{™f,g)  (see  Brooks  and  Dinculeanu  [5],  page 
333). 

Proposition  (2.3.39). 

(a)  JFR(S(E),mFG)  =  J^{B,mF,G). 

(b)  If  mF<G  is  uniformly  cr-additive,  and  if  S  =  cr(TZ),  then 

TD(S(1l),  mF<G)  =  fD(5(E),mF)G)  =  ?D{B,mF,G). 

In  particular, 
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REMARK  (2.3.40).  In  the  theory  of  integration  introduced  here,  unlike  the  classical 
case,  the  sets  SD(fc)  and  SD(E)  are  not  necessarily  dense  in  BD  for  the  seminorm 
mF,G-  One  look  at  the  Lebesgue  theorem  (2.3.38)  indicates  why.  The  Lebesgue 
theorem  is  valid  for  convergence  in  measure.  However  it  is  not  valid,  in  general,  for 
pointwise  convergence,  unless  mp,G  is  uniformly  cr-additive. 
Vector  Integration.  The  Integral  /  /  dm 

In  this  section  we  shall  make  sense  of  integrating  a  Banach  valued  function  with 
respect  to  a  Banach  valued  measure  (where  the  measure  is  an  appropriate  linear 
operator).  The  caution  in  (2.3.22)  is  still  in  force  with  two  modifications;  so  we  shall 
state  it  anew  here. 

Let  m  :  S  — >  E  C  L(F,G)  be  a  <r-additive  measure  with  finite  semi- 

(2.10) 

variation,  and  assume  that  mz  is  <r-additive  for  each  z  €  Z,  where  Z  =  G*. 
We  will  be  interested  in  F-valued  functions  /  :  S  — >  F  with  /  €  ^>("^f,g)-  For 
ease  of  notation  denote  !Ff(™f,g)  by  Ff,g(™)- 

We  now  construct  the  integral.  Consider  /  €  ^F,G(m).  Then  /  6  Lj.(|m,|) 
for  each  z  6  Z  =  G*.  Since  /  /  dmz  <  J  \f\  d\mz\  the  real  number  //  dmz  is 
defined  (recall  that  mz  :  E  — ►  L(F,R)  =  F*).  Define  a  mapping  H  :  G*  — ►  R  by 
H(z)  =  f  f  dmz.  The  map  H  is  clearly  linear  (for  mZl+Z2  =  mZl  +  mZ2)  and  it  is 
bounded.  Infact  we  have  by  an  easy  computation  that  \\H\\  <  mF,G(f)  <  oo,  where 
||  •  ||  denotes  the  norm  of  the  linear  operator  H.  Thus  H  €  G**.  We  denote  the 
bounded  linear  operator  H  by  //  dm  and  we  write  H(z)  as 

H(z)  =  (z,  H)  =  (z,jfdm)  =jf  dmz  m  (/  /  dm)  (*).  (2.11) 

Let  us  now  consider  the  above  construction  in  the  case  that  E  =  L(R,  E).  We 
then  have  by  proposition  (2.3.15)  that  m^E  is  finite.  Hence,  as  done  earlier,  we  may 
define  the  integral  /  <f>  dm  e  E",  for  <f>  €  ^iR,f;(m).  For  x*  €  E*,  we  have 

(  /  <f>  dm,  x*)  =     <j>  dmx*  =  /  <f>  d(x*m). 
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We  note  here  that  mx»  is  written  as  (x*m). 
Remark  (2.3.41). 

(1)  The  integral  /(•)  dm  is  continuous  on  Tf,g{™)-  We  deduce  this  from  the  fact 
that  for  f,g  G  ^>,G(m),  we  have  ||//  dm  -  / g  dm\\  < 
mF,a(\f  -  g\)- 

(2)  If  we  consider  the  situation  where  E  =  L(R,E),  then  m^E  is  uniformly  a- 
additive.  For  m^E  =  {|x*m|;x*  €  Z}  and  for  any  A  G  S  we  have  |m(A)|  = 
sup{\(m(A),x*)\;  x*  €  In  this  case  the  spaces  Sf^R-)  and  Sf(E)  are  dense 
in  Bf  for  the  seminorm  m^E  (compare  with  remark  (2.3.40))  as  conditions  (1) 
and  (2b)  of  the  Lebesgue  theorem  (2.3.38)  hold. 

(3)  If  m  :  S  — >  E  C  L(F,G)  has  finite  total  variation  then  mF,G  is  finite  (for 
mF,G  <  |»™|»  see  page  52  of  Dinculeanu  [12])  and  hence  mp,G  is  uniformly 
(T-additive.  In  this  case  comments  similar  to  (2)  above  apply  and  we  have 
LF(m)  C  ^>,G(m). 

(4)  When  the  theory  of  this  section  is  applied  in  the  next  chapter  (to  the  stochastic 
integral)  we  will  restrict  ourselves  to  functions  /  €  J~F,G{m)  such  that  (a) 
/  /  dm  6  G  and  (b)  the  stochastic  integral  U0Ja  f  dm  is  cadlag  (part  (b)  will  be 
explained  in  chapter  3). 

Some  Results  in  Vector  Integration. 

For  what  follows  the  conditions  on  m  in  (2.10)  are  still  in  force.  In  this  section 
will  state  three  theorems  that  will  find  frequent  use  in  Chapter  3.  Prior  to  doing 
so  we  define  the  indefinite  integral.  Let  /  6  ^f,g("^)  and  denote  by  n  :  I!  — >  G** 
the  set  function  given  by  n(A)  =  fAf  dm  =  /  l^f  dm.  We  call  n  the  indefinite 
integral  of  /  with  respect  to  m.  A  common  notation  for  n  is  fm.  Observe  that  n  is  a 
finitely  additive  measure.  The  first  of  the  following  succession  of  theorems  indicates 
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conditions  under  which  n  is  cr-additive.  For  proofs  of  these  theorems  see  Brooks  and 
Dinculeanu  [5]. 

THEOREM  (2.3.42).  Let  /  G  ^>,g("z).  Then  fm  is  cr-additive  on  E  in  each  of  the 
following  cases: 

(a)  JAf  dm  G  G,  for  every  A  G  E;  in  particular  if  /  is  a  E-step  function. 

(b)  /  6  ^f,g(^,  rn)  and  m^.G  is  uniformly  cr-additive;  in  this  case  we  have  /  /  dm  G 
G  for  every  /  G  Ff,g{B,  m). 

(c)  G  does  not  contain  a  copy  of  Co;  in  this  case  we  have  //  dm  G  G. 

The  next  Theorem  extends  part  of  Proposition  (2.3.15)  to  functions. 
THEOREM  (2.3.43).  Assume  E  C  L(F,G)  isometrically  and  let  m  :  E  — ►  E  C 
L(F,  G)  be  a  cr-additive  measure  with  finite  semivariation  m,F,G-  Then 

and  m^E{4>)  <  ™f,g(0)  for  </>  G  ^(m^c). 

THEOREM  (2.3.44).  Let  m  :  E  — >  E  C  Z-(F,  G)  be  a  cr-additive  measure  with  finite 
semivariation  m^.G,  and  let  y  G  F.  Then  .^(m^o)  C  ^((mt/)^),  y^R("2F,G)  C 
^>("^f,g))  and  for  c/>  G  ^(m^o),  we  have 

(my)R,G(^)  ^  M™f,g(<£) 

rnF,G{4>y)   =  \y\™F,G{4>), 

and 

y  c6y  dm  =  J  <pd(my). 
If  in  addition,  /  <j>dm  G  E,  then  (/  c6  <fm)y  =  /  c6y  c/m  =  /  <f>d(my). 


CHAPTER  3 

THE  STOCHASTIC  INTEGRAL  OF  PROCESS  MEASURES 


In  this  chapter  we  introduce  a  theory  of  stochastic  integration  by  enlarging  the  class 
of  integrators  to  p-summable  process  measures.  We  recall  for  the  reader  that  in  the 
Dellacherie-Meyer  monograph  [10],  the  most  general  class  of  integrators  with  respect 
to  which  they  construct  the  scalar  stochastic  integral  is  the  class  of  semimartingales. 
A  very  appealing,  and  simpler,  treatment  of  this  theory  is  given  in  Protter  [41].  The 
stochastic  integration  undertaken  in  this  chapter  is  in  a  Banach  space  setting.  The 
history  of  stochastic  integration  in  Banach  spaces  goes  back  to  around  1970.  Dur- 
ing this  period  there  were  many  authors  (such  as  Pellaumail,  Kussmaul,  Metivier, 
Pratelli,  Yor  and  Gravereaux,  see  [4,  27,  29,  32]  for  references)  who  tried  to  construct 
an  adequate  theory  of  stochastic  integration  in  Banach  spaces.  There  were,  however, 
some  shortcomings  in  these  attempts.  It  was  the  case  that  in  most  of  these  efforts 
either  the  Banach  space  was  too  restrictive,  as  in  Kunita  [28],  or  the  convergence 
theorems  for  a  full  development  of  the  theory  were  lacking.  These  problems  were 
resolved  in  the  theory  of  stochastic  integration  developed  by  Brooks  and  Dinculeanu 
[4] .  The  reason  for  their  success  was  that  they  used  a  sufficiently  rich  underlying  the- 
ory of  vector  integration  (see  chapter  2,  section  3)  upon  which  to  base  their  theory  of 
the  stochastic  integral.  Their  construction  produced  a  stochastic  integral  which  could 
at  the  same  time  be  viewed  as  an  integral  with  respect  to  a  measure.  The  integrators 
in  the  Brooks-Dinculeanu  theory  was  the  class  of  semi-summable  processes.  These 
processes  are  more  general  than  semimartingales  (see  the  example  after  theorem  4.16 

[4])- 

The  theory  of  stochastic  integration  that  we  present  here  seeks  to  provide  a 
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broader  framework  within  which  the  stochastic  integral  of  Brooks  and  Dinculeanu 
may  be  viewed.  Defining  the  stochastic  integral  in  a  natural  way  for  elementary 
processes  (see  Corollary  (3.3.3))  and  then  proceeding,  we  are  able  to  embed,  for  the 
most  part,  the  theory  [4]  into  our  own.  Even  though  our  theory  enlarges  the  scope  of 
the  stochastic  integral  it  obtains  its  life  from  the  well  established  theory  [4].  Another 
source  that  provided  impetus  for  our  theory  was  the  work  done  by  Walsh  [47].  Walsh 
constructed  a  L2  theory  of  stochastic  integration  for  the  class  of  worthy  martingale 
measures  (that  is,  for  martingale  measures  that  were  dominated  by  some  stochas- 
tic measure).  The  construction  provided  by  Walsh  followed,  albeit  in  disguise,  the 
construction  of  the  Ito  integral.  The  construction  of  our  stochastic  integral  is  quite 
different  as  it  is  based  on  the  theory  of  integration  in  Banach  spaces,  which  was 
presented  in  chapter  2,  section  3.  If  we  reduce  our  process  measure  to  a  stochastic 
process,  say,  by  considering  Xt(B)  where  B  G  B(R)  is  fixed,  we  will  then  obtain  the 
theory  in  Brooks  and  Dinculeanu  [4]. 

In  our  theory  we  are  able  to  obtain  results  parallel  to  those  found  in  the  standard 
theory  of  the  stochastic  integral.  For  instance,  we  are  able  to  discuss  the  summability 
of  the  stochastic  integral,  we  are  able  to  show  that  under  certain  conditions  the 
properties  of  the  integrator  carry  over  to  the  stochastic  integral  and  we  are  able  to 
prove  the  Ito  isometry  in  the  case  of  orthogonal  martingale  measures. 

The  primary  contribution  of  our  theory  is  that  it  allows  us  to  view  the  stochastic 
integral  as  a  process  measure  in  the  case  that  the  integrator  is  a  process  measure.  A 
nice  illustration  of  this  statement  is  the  result  that  if  the  integrator  X  is  an  orthogonal 
martingale  measure  then  the  stochastic  integral  H  •  X  (see  definition  (3.2.2))  for  H 
in  an  appropriate  class  is  also  an  orthogonal  martingale  measure  (theorem  (4.3.6)). 
After  completing  the  construction  of  the  stochastic  integral  we  shall  study  some  of 
its  properties  [4,  8,  10,  16,  19,  20,  24,  27,  33,  48]. 


3.1    Preliminary  Notions  for  the  Stochastic  Integral 
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The  process  measures  X  :  R+  x  Q.  x  B(R+)  — ►  E  C  L(F,G)  that  will  be  of 
interest  to  us  in  this  chapter  are  those  that  are  p-summable  (see  chapter  2,  section  2). 
That  is,  we  will  only  be  interested  in  those  process  measures  X  whose  corresponding 


<7-additive  L^-valued  measure  on  the  cr-algebra  Voo  ®  B{R)  with  finite  semivariation 
relative  to  (F,  LPG)  (see  definition  (2.2.1)).  Since  Ix  is  now  a  cr-additive  measure  with 
finite  semivariation  (relative  to  (F,  LPG)),  we  may  return  to  chapter  2  (section  3)  and 
apply  the  integration  theory  presented  there  to  the  measure  Ix-  This  is  precisely 
what  we  shall  do.  For  the  comfort  of  the  reader  we  shall  summarize  the  integration 
theory  in  chapter  2  in  terms  of  the  symbol  Ix-  Once  this  is  done  we  will  be  able  to 
define  the  stochastic  integral  (section  2).  The  summary  of  section  3  of  chapter  2  in 
terms  of  Ix  is  provided  in  several  steps  below. 


(1)  Extend  Ix  to  Voo  ®  B(R)  by  setting  /x(({oo}  x  A)  x  B)  =  0,  where  A  €  Too 
and  Voo  -  V  U  ({{oo}}  x  Too)  with  Too  -  \lt>oFt  (see  the  second  paragraph 
before  theorem  (2.2.5)). 


(2)  The  symbols  E,  m,  E,  G  in  section  2.3  are  now  replaced  by  Voo  ®  B(R),  Ix,  LVei 
Lg  respectively.  The  letter  Z  will  now  denote  a  norming  space  for  Lq,  where  Z 
is  such  that  Z  C  (£<?)*•  We  may,  for  instance,  take  Z  to  be  the  space  of  simple 
functions  in  LqG. ,  where  i  +  -  =  1  and  G*  is  the  dual  space  of  G. 
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(3)  For  z  G  Z  denote  by  m2  =  (Ix)z  ■  V<x>  ®  B(R)  — ►  F*  the  tr-additive  measure 
defined  as  follows.  For  each  D  €  Poo  ®  and  y  €  F  define  m2  by 

<m,(D),y>    =  (m(D)y,z) 

=    f  (m(D)(w),z(w))  dP(w) 

=  f(Ix(D)(w),z(w))dP(w). 
Ja 

The  reader  should  refer  to  theorem  (2.3.7)  and  proposition  (2.3.13)  in  the  case 
that  this  step  is  not  familiar 

(4)  Let  H  :  R+  x  Q  x  R  — ►  F  be  a  predictable  process,  that  is,  H  is  measurable 
with  respect  to  the  sigma  algebra  "Poo  ®  B(R).  Then  the  semi  variation  of  Ix  on 
H  with  respect  to  (F,  VG)  is 

{h&a){H)  =  sup{ J \H\  d\m,\  :zZZx) 

where  mz  =  (Ix)z  (see  proposition  (2.3.30)). 

(5)  For  notational  convenience  we  may,  on  occasion  (as  was  just  done  in  (4)  above), 
omit  the  letter  X  from  the  stochastic  measure  IX-  That  is,  it  is  understood 
that  /  and  Ix  mean  the  same  thing. 

(6)  Denote  by  Tf,g{X)  =  Ff,lpg{x)  =  Ff((Ix)f,lpg)  tne  sPace  of  F-valued,  pre- 
dictable processes  H  which  satisfy  the  condition  that  (lFjPa)(H)  is  finite. 

For  any  subset  C  of  Tf  [If,g]  the  notation  Ff{C,  If,g)  will  denote  the  closure 
of  C  in  Tf{If,g)  [the  closure  is,  of  course,  under  the  semivariation  norm  If,lpg •] 

(7)  The  mapping  0  :  Ff,g(x)  — ►  Z*  Siven  by  °(H)  =  / H  dI*  is  linear  and 
continuous.  For  any  z  £  Z,  6(H)(z)  is  written  as  0(H)(z)  =  (f  H  dl,z)  — 
J  H  dlz.  The  norm  of  the  linear  operator  9  is  bounded  by  1.  In  fact,  we  have 
\6(H)\z'  <  (I)f,lp(H),  whence        <  1.  For  details,  the  reader  is  directed  to 
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the  vector  integration  section,  which  appears  after  remark  (2.3.39).  We  remind 
the  reader  that  for  H  e  Tf,g{X),  the  integral  /  H  dlx  is  an  element  of  Z*. 

(8)  The  previous  steps  complete  the  summary  of  the  third  section  of  chapter  2.  This 
step  is  just  for  notation.  If  H  €  Ff,g{X)  then  for  each  t>0  and  B  €  B(R)  we 
denote  by  the  symbol  (Jj0il  H  dIx)(B)  the  following: 

f  /    H  dix)  (B)  =    I       H  dlx 

\J[0,t]  J  J[0,t]xB 

=    /  Hdlx 

J[0,t]xtlxB 

=  J  l[0tt]lBH  dlx. 

When  t  =  oo  we  write 

/         H  dlx  =  f         H  dlx  =  I  II  dlx.  (3.1) 

J[0,oo]xB  J[0,oo)xB  JB 

The  first  equality  in  (3.1)  follows  because  we  may  write  Jj0,oo]xB  &  dlx  35  tne 
sum  /[0)OO)xB  Hdlx  +  /{oo}xB^  dlx,  and  the  second  term  in  this  sum  is  zero 
by  step  (1).  Now  for  each  H  €  Ff,g{X)  and  B  €  B(R),  we  obtain  a  family 
(/[o,i]xB^  dIx)t>o  of  elements  in  Z*.  The  stochastic  integral,  which  we  will 
define  in  the  next  section,  imposes  certain  restrictions  on  this  family  of  elements. 

We  now  present  a  very  useful  Lebesgue  type  theorem  which  will  find  frequent  use 
in  the  future.  The  proof  of  this  theorem  may  be  found  in  Brooks  and  Dinculeanu  [4] 
(theorem  3.1). 

THEOREM  (3.1.1).  Let  (Hn)™=l  be  a  sequence  of  elements  from  Fpta{X)  such  that 
\Hn\  <  \H\  for  each  n  and  assume  that  Hn  — ►  H  pointwise. 

If  (/  Hndlx)  €  VG  for  each  n  >  1  and  if  the  sequence  (/  Hn  dlx)n  converges 
pointwise  on  ft,  weakly  in  G,  then  (/  H  dlx)  G  LPg,  anc^  dlx  — >  I  H  dlx  in 

the  a(LG,LqG.)  topology  of  LPG  (-  +  -  =  1),  weakly  in  G.  If  (/ Hn  dlx)n  converges 
pointwise,  strongly  in  G,  then  /  Hn  dlx  — >  J  H  dlx  strongly  in  VG  (and  thus  in 

Lh)- 
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For  the  remainder  of  this  chapter  we  assume  that  the  summable  process  measure, 
X,  is  zero  at  zero. 

3.2    The  Stochastic  Integral 

We  recall  now  the  comment  we  made  in  the  last  part  of  step  (8)  in  section  3.1. 
We  indicated  there  that  in  order  to  view  the  family  (/[0,<]xb  H  dIx)t>o  as  a  stochastic 
integral  certain  restrictions  must  be  imposed  on  it.  These  restrictions  are  outlined  in 
definition  (3.2.4).  The  next  theorem  and  definition  will  pave  the  way  for  the  definition 
of  the  stochastic  integral. 

Theorem  (3.2.1).  Let  B  e  B(R)  and  let  H  €  Tf,g{X).  Assume  that  (f[0tt]xB  H  dlx)  G 
LPa(n,F,P)-  Then  (fmxBH  dlx)  €  LpG(n,?uP). 

Proof.  Assume  initially  that  H  is  scalar  valued,  that  is,  H  €  ^Fu,e(X).  If  H 
is  of  the  form  H  =  l[0„]lc,  where  A  €  To,  C  €  B(R),  then  J[0it]xB  H  dIx  = 
/l{o}Ulfinc  dlx  =  IaXq(B  n  C)  =  0  (see  sections  1  and  2  of  chapter  2).  Thus 
(/[o,t]xB  H  dIx)  e  LpE(n,Ft,  P).  Next  if  H  is  of  the  form  H  =  lMlAlc  then 

/         H  dlx    =     /  l(«At,t;A<]lAlBnC  dlx 

J[0,t]xB  J 

=   lA[XvM(B  DC)  -  XuM(B  n  C)\  €  LpE(n,  Tu  P). 

The  last  equality  above  is  from  (2.2). 

It  now  follows  that  for  H  of  the  form  H  =  Id,  D  €  H,  where  TZ  is  the  ring  of 
finite  (disjoint)  unions  of  cubes  of  the  form  (s,t]x  Ax  B  with  A  €  Ts  and  B  €  B{R), 
we  have 

(7     Hdix]  eLpE(n,fuP). 

\J[0,t)xB  J 

Now  let  H  =  1M,  where  Me^®  B(R).  Denote  by  M  the  set 

M  =  jM€Poo®£(R):  [j[ot]xBlMdIx)  etftfafuP)}. 

We  have  already  seen  that  71  C  M.  We  claim  that  .M  is  a  monotone  class.  Let 
(M")™=1  be  a  sequence  in  M  such  that  Mn  f  M  (the  case  when  Mn  1  M  is  done 
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the  same  way).  We  need  to  prove  that  M  €  M.  Let  2  €  (LE)'.  Since  1[o,<]xb1m"  /* 
l[o,t]xBlAf,  by  monotone  convergence  we  have  l[o,t]xB^Mn  — ►  1[o,<]xb1m  in  L((Ix)z)- 
Thus, 

/[o,<]xB  1m-  d(Ix)z  — >S[o,t]xB  lM  d(Ix)z,  or  (/[0,t]XB  1m-  dIXjZ)  — ►  (/[0,t]xB  1m  dlx,  z). 
That  is,  /[0,t]xBlM«  dlx  — +  /[o,t]xBlM  d(Ix)  weakly  in  LE(il,Ft,P).  Now,  by  hy- 
pothesis, (/[0,t]xB  1m»  dlx)  €  LE(tl,  Tu  P)  which  is  a  convex  subspace  of  LPE(Q,  T,  P). 
It  follows  that  (./jo,*] xb  1m  dlx)  belongs  to  the  weak  closure  in  LE(tt,  T,  P)  of  the  con- 
vex set  LpE{$l,Tt,P).  The  space  U{$l,Tx,P)  being  convex,  its  weak  closure  is  the 
same  as  its  norm  closure  in  Lv{Sl,T,  P).  Hence  by  completeness  of  LE(Sl,Ft,  P)  we 
conclude  that  (/[0)1]xb  1m  dlx)  €  LpE(£l,  Tt,  P)- 

Hence  M  is  a  monotone  class  and  M  =  "Poo  <S>  B(R). 

We  are  now  prepared  to  prove  the  theorem.  Let  H  :  R+  x  f!  x  R  — >  F  be 
a  predictable  simple  function,  say  H  is  of  the  form  H  —  £"=1  Im.^i,  with  M,  € 
Too  ®  B(R)  and  x,  €  F.  Then  /[o  t]xB  //  <f/x  =  E?=i  *.7[o,t]xB  lM  which  be- 
longs to  LG(tt,Fu  P)  (remember  that  now  H  is  F-valued  and  Ix  is  L#  valued,  where 
LPE  C  L(F,LPG)).  Finally,  let  H  £  -Ff.gW-  Since  #  is  predictable  (that  is,  mea- 
surable in  the  Bochner  sense)  there  exists  a  sequence  (Hn)^=l  of  predictable  simple 
functions  such  that  \Hn\  <  \H\  and  Hn  — ►  H  pointwise.  Let  z  €  {LPGY-  By  dom- 
inated convergence  we  obtain  that  l[o,t]xB#"  — ►  l[o,<]xB#  in  LF((Ix)z)-  That  is, 
/[o,<]xB^n  d(Ix)z  — ►  I[o,t)xBH  d(Ix)„  or 

//       Hndlx,z)^(f  Hdlx,z). 

\J[0,t]xB  I  \i[0,i]xB  / 

Since  (J[0tt]xBHn  dlx)  6  LpG(Sl,FuP),  it  follows  that  (J[o,t]xBH  dh)  belongs  to 
the  weak  closure  in  LP(Q,F,  P)  of  LP(Q,  .7^,  P).  Since  the  weak  and  norm  clo- 
sures in  Lp(ft,.F,  P)  of  Lp(fi,^,  P)  are  the  same  we  conclude  that  (/[0)<]xb  H  dlx)  € 
LG(Vt,J-t,  P).  This  completes  the  proof  of  the  theorem.  ■ 
DEFINITION  (3.2.2).  Let  LFG(X)  denote  the  Lebesgue  space  of  processes  H  € 
J~f,g{X)  which  satisfy  the  two  conditions  below. 
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(1)  For  each  t  >  0  the  set  function  (/[ot]  H  dlx)(-)  =  I[o,t]x(.)H  dI*:  B(R)  ~ ► 
LG(n,F,  P)  is  a  cr-additive  measure. 

(2)  For  each  B  €  B(R)  fixed,  the  process  of  representatives  (J[0,t]XB#  dIx)t>o  has 
a  cadlag  modification. 

The  elements  H  €  LFg(X)  are  said  to  be  integrable  with  respect  to  X. 

REMARK  (3.2.3).  Observe  that  for  B  €  B(R)  and  H  <E  LFG(X)  the  element 
(/[o,<]xB  H  dlx)  is  a  ^"-measurable  and  LVG  valued.  In  view  of  theorem  (3.2.1)  we  find 
that  condition  (2)  in  definition  (3.2.2)  implies  that  (f[0tt]xB  H  dlx)  is  ^-adapted. 
Thus  the  requirement  for  an  adapted  modification  in  condition  (2)  is  redundant. 
DEFINITION  (3.2.4).  Let  H  e  LFG(X).  Then  we  know  that  for  each  B  €  B(R)  any 
family  of  representatives  (/[0)(]xb  ^  dIx)t>o  admits  a  cadlag,  adapted  modification. 
We  call  this  family  the  Stochastic  Integral  of  H  with  respect  to  X  and  we  denote  it 
by  (H  •  X).  By  the  notation  (H  ■  X)t(B)(w)  we  mean 

(H-X)t(B)(w)   =    (7  Hdlx)(w) 

\J[0,t]xB  J 

=    ( [  H  dlx)  (w)  (3-2) 

\y[o,<]xnxB  / 

=    (|  l[0tt]lBH  dlx)  M 

Remark  (3.2.5). 

(a)  For  any  element  H  G  LFG(X)  the  stochastic  integral  (H  •  X)  is  a  process 
measure. 

(b)  We  caution  the  reader  that  as  we  proceed  to  prove  theorems  concerning  the 
stochastic  integral  we  will  seldom  halt  to  check  that  condition  (2)  of  definition 
(3.2.2)  is  satisfied.  Our  negligence  will  be  pardoned  by  the  alert  reader  who 
will  realize  that  at  the  juncture  where  this  property  needs  proving,  it  will  be 
transparent.   For  the  benefit  of  the  reader  we  indicate  here  the  places  where 
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we  did  not  check  this  condition.  They  are  remark  (3.2.6),  corollary  (3.3.3)  and 
theorem  (3.4.6). 

REMARK  (3.2.6).  Let  X  be  a  process  measure  (which  need  not  be  p-summable)  and 
let  H  be  a  simple  F  valued  process  of  the  form 

H  =  1{o}xA0xBoxO+    X]    l(t},t?]xAixBiXi  (3-3) 
l<«<n 

where  A0  G  70,  A,  €  Tt\  for  i  =  1, 2, . . . ,  n,  fl,  €  B(R+)  and  x,  €  F.  Then  (H  •  X) 
is  a  process  measure.  We  verify  this  statement.  Let  D  6  #(R).  Using  the  definition 
of  Ix  we  have 

(H  ■  X)t(D)(w)   =    I  Hdlx 

J[0,t]xD 

=   lA0Xo(Dr\Bo)  +  Ei<i<nUM^M(Dr)Bi)(w)  (3'4) 
-Xt]M(D  n  Bi)(w)]. 

From  (3.4)  we  see  that  (H  ■  X)t(D)  is  cadlag  as  X  is  a  process  measure.  Also 
condition  (1)  of  definition  (3.2.2)  is  readily  seen  to  be  satisfied.  Hence  (H  •  X)  is 
a  process  measure.  It  follows  that  simple  processes  H  of  the  form  in  (3.3)  are  in 

Our  next  result  is  concerned  with  the  left  limits  of  the  stochastic  integral.  The 
proof  for  it  is  similar  to  that  of  proposition  3.4  [4].  We  provide  it  here  to  illustrate 
the  use  of  theorem  (3.1.1). 

LEMMA  (3.2.7).  Let  H  e  LlFG(X),  A  €  B(R)  and  t  G  [0,oo).  Then  we  have: 

(1)  (H  ■  X)t_{A)  6  Lg  and  (H  ■  X)t_(A)  =  f[0yt)xA  H  dlx  w.a.s. 

(2)  The  map  t  — >  (H  •  X)t  is  cadlag  in  LlG. 

Proof.  Let  the  sequence  (<„)  increase  to  t.  Then  we  have  \[Qytn]^AH  — >  ^[o,t)^AH 
pointwise  (w).  Also,  for  each  n  we  have: 

(a)  |l[o,*n]Utf|  <  \UH\  and 
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(b)  f[0MxAHdIx  =  (H-X)tn(A)£LpG. 
Furthermore,  since  H  €  LlFG(X),  we  have 

(H-X)tn(A)  — ►  (H-X)i.(A)  (the  convergence  is  in  G).  (3.5) 

Upon  applying  theorem  (3.1.1)  we  deduce  that  /[0)tn]XA  Hdlx  — >  f[o,t)xA^  dlx  in 
LG.  Hence  there  exists  a  subsequence  (tnk)  such  that  (H •  X)tnk(A)  — >  f[0tt)XA  H  dlx 
pointwise.  However,  from  (3.5),  we  know  that  (H  ■  X)tn(A)  — >  (H  •  X)t_(A)  point- 
wise.  It  follows  that  (H-X)t_(A)  =  ^t)xA  H  dlx-  Observe  also  that  by  completeness 
of  the  space  LPG  we  have  (H-X)t_(A)  e  LG.  This  proves  statement  (1)  of  the  theorem. 

As  for  statement  (2)  we  have  already  seen  that  (H  ■  X)t„(A)  — >  (H  •  X)t_(A) 
in  LG  C  LG.  That  is  the  left  limit  of  (H  •  X)t(A)  exists  in  LG.  To  establish  right 
continuity  let  sn  |  s.  Then  l[0)3„]l>i/^  — >  1[0,s]1.4jF/  pointwise  and  | l[o,«„]  < 
Applying  theorem  (3.1.1)  we  conclude  that  /[0,Sn]x^  H  dlx  — ►  I[o,a]xA  &  dlx 
in  LG.  That  is,  (H  ■  X)Sn(A)  — ►  (H  ■  X).(A)  in  LG.  This  proves  statement  (2).  ■ 
REMARK  (3.2.8).  Statement  (1)  in  theorem  (3.2.7)  holds  even  when  t  =  oo.  The 
proof  is  the  same  once  we  recall  two  facts:  (a)  we  may  write  f[0,<x>]xA  H  dlx  as 
/[o,oo)xA  H  dlx  +  !{oo}xA  H  dlx  and  (b)  /x({co}  x  n  x  A)  =  0. 

3.3    Elementary  Processes  and  their  Stochastic  Integrals 

We  have  already  seen  that  for  a  simple  predictable  F-valued  elementary  process 
H  of  the  form  in  (3.3),  that  is 

H  =  1{0}xAoxB0X0  +  ht\,1*]xAiXBi2ii 

l<i<n 

H  •  X  is  a  process  measure,  which  is  the  same  as  saying  that  H  £  LFG(X)  (see 
theorem  (3.2.1),  definition  (3.2.2)  and  remark  (3.2.3). 

The  next  theorem  and  corollary  will  show  that  the  following  more  general  class 
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of  elementary  processes  of  the  form 

(3.6) 

l<«<n 

are  in  I*fiG(X).  In  (3.6)  the  family  (Ti)0<,<„+i  is  an  increasing  family  of  stopping 
times  with  T0  =  0,  the  //,,  i  =  0, . . . ,  n  are  bounded  random  variables  which  are  Tt{- 
measurable  and  A{  G  B(R)  for  i  =  0, . . . ,  n.  The  proofs  of  both  theorem  (3.3.2)  and 
corollary  (3.3.3)  below  are  carried  out  along  the  same  lines  as  the  proof  of  proposition 
(3.5)  in  Brooks  and  Dinculeanu  [4]  and  hence  will  be  omitted.  We  remark  here  that 
theorem  (2.2.5)  is  required  in  the  proof  of  theorem  (3.3.2).  We  will  need  the  following 
proposition  prior  to  stating  this  theorem. 

PROPOSITION  (3.3.1).  Let  A"  be  a  (summable)  process  measure  and  let  T  be  a 
stopping  time.  Then,  we  have 

(1)  XT  is  a  process  measure,  and 

(2)  Xt(-)  is  a  L-^-valued  cr-additive  measure. 

Proof.  We  prove  (1)  first.  Let  us  verify  condition  (a)  of  definition  (2.1.1).  Let 
A  <E  B(R)  and  t  e  [0,oo].  Then  Xj(A)  =  XTM(A)  which  is  TTM  C  ^-measurable 
(see,  for  example,  page  85  in  [27]).  It  remains  for  us  to  verify  condition  (b)  of 
definition  (2.1.1).  But  this  is  immediate  from  theorem  (2.2.5)  (b)  and  the  fact  that 
X  is  summable.  For  we  have  Xtm(A)  =  7x([[0,T  A  t]]  x  A)  and  Ix  is  a  L^-valued 
cr-additive  measure  on  Voo  <8>  B(R)  (see  definition  (2.2.1)).  Thus  for  [[0,  T  A  t]]  fixed, 
Ix([[0,T  A  t]]  x  (•))  :  B(R)  — ►  VE  is  a  measure;  that  is  Xtm(-)  is  a  L^-valued  cr- 
additive  measure.  This  proves  statement  (1).  Statement  (2)  is  proved  the  same  way 
except  that  now  we  replace  T  At  by  T.  ■ 

We  are  now  ready  to  state  the  promised  theorem  and  corollary. 
THEOREM  (3.3.2).  Let  5"  and  T  be  stopping  times  with  S  <  T  and  suppose  that 
h  :  — ►  F  is  a  bounded  .^-measurable  random  variable.  Assume  that  A  G  B(R). 
The  following  two  statements  hold. 
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(1)  /A1((S,tdU  dlx  =  h(XT(A)  -  Xs(A)). 

(2)  If  S  is  predictable  and  h  is  .^-measurable,  then 

(a)  /%sfT))U  dlx  =  M*r(A)  -  XS_(A))  and, 

(b)  J%s]]U  rf/x  =  hAXs(A). 

COROLLARY  (3.3.3).  Assume  that  H  is  an  elementary  process  of  the  form  in  (3.6). 
Then  H  €  LFG(X),  that  is,  H  is  integrable  with  respect  to  X.  The  stochastic  integral 
(H  •  X)  can  be  computed  pathwise  as  follows: 

(H-X)t(A)  =  H0X0(AnA0)+  £  #,(Xr.+1A<(AnA.) 

l<i<n 

-XTiAt(ADA,)) 

(3.7) 

=  «AflA0)+  J2  HiiXf^iADAi) 

l<»<n 

-X(T'(AnA,)) 

Remark  (3.3.4). 

(a)  Observe  that  by  virtue  of  proposition  (3.3.1)  the  process  H  X  in  (3.7)  is  indeed 
a  process  measure. 

(b)  It  will  be  shown  in  section  4  that  if  X  is  summable  then  so  is  XT  (see  theorem 
(3.4.5)). 

3.4    Stopped  Process  Measures  and  Summability  of  the  Stochastic  Integral 

We  will  continue  to  assume  (for  the  remainder  of  chapter  3)  that  X  is  a  p- 
summable  process  measure.  In  this  section  we  will  study  some  properties  of  stopped 
process  measures.  We  have  already  shown  that  if  X  is  a  summable  process  measure 
then  for  any  stopping  time  T,  XT  is  a  process  measure.  Infact  XT  is  also  a  summable 
process  measure-  -this  fact  will  be  established  in  theorem  (3.4.5).  Our  main  goal  in 
this  section  is  to  show  that  if  H  £  LlFG(X),  that  is,  if  H  •  X  is  a  process  measure, 
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then  H  ■  X  is  also  summable.  We  will  then  be  able  to  show  that  the  (summable) 
process  measure  (H-X)T  is  the  same  object  as  the  summable  process  measure  H  XT. 
This,  of  course,  is  nothing  new  in  the  standard  theory  of  stochastic  integration.  The 
novelty  comes  from  the  fact  that  the  equality  (H  ■  X)T  =  H  •  XT  is  now  as  process 
measures.  As  preparation  for  the  proof  of  these  results  we  first  generalize  theorem 
(3.3.2).  Remember  that  throughout  this  chapter  the  process  measure  X  is  assumed 
to  be  p-summable 

PROPOSITION  (3.4.1).  Let  S  and  T  be  stopping  times  with  S  <  T.  Suppose  that 
either  condition  (I)  or  condition  (II)  below  is  in  force. 
Condition  (I),  h  :  0  — >  R  is  bounded,  ^5-measurable  and  H  €  ^Ff,g(X). 
Condition  (II).  h  :  — ►  F  is  bounded,  .^-measurable  and  H  G  Fj{l((Ix)f,g)- 

Statement  (a)  below  holds  under  condition  (I)  and  statement  (b)  below  holds 
under  condition  (II). 

(a)  If  /  l((s,T]]#  dlx  €  L'a  then 

J  hli{s,nH  dlx  =  hj  l((s,T]]#  dlx  (3.8(a)) 

(b)  Ufli{s,nH  dlx  €LpEthen 

J  hlmnH  dlx^hj  l((s,r]]#  dlx  (3.8(6)) 

Proof.  We  prove  (a)  first. 

Assume  now  that  condition  (I)  holds.  Consider  H  £  Tf,g{X)  of  the  form  H  — 
i((s,T]]xA^By,  where  A  €  jFs  and  B  €  B(R)  and  y  G  F.  By  an  application  of  theorem 
(3.3.2)  we  have 

J  hl((s,T]]H  dlx   =   J  /il((sv»,TA<]]lAlj3j/  dlx 

=  J (/lU)l((Sv,,TAt]]lBy  dlx  (3-9) 
=   (hlA)y[XTM(B)  -  Xsvs(B)}. 
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The  last  term  in  (3.9)  can  be  written  as 

hy[X(TM)A(B)  -  X(sv.)A(B))   =   hIx(y[[T  A  t)A,  (S  V  s)A}]  x  B) 

-  h  J  yl(((TM)A,(svs)A]]lB  dlx 

(3.10) 

=    h      l((S,T]]l(S,t]xAlBj/  dIX 

=   h  J  l((s,T]]H  dlx 

Since  h  is  real  valued  and  bounded  the  last  term  in  (3.10)  is  in  LG  (see  theorem 
(2.2.5)). 

It  follows  that  for  any  set  D  in  %  (the  ring  generating  the  a-algebra  ®  B(R)) 
we  still  have 

J  /il((s,r]]l£>y  dlx  =  h  J  l((5,T]]lDy  dlx  e  LPG.  (3.11) 
Now  let  z  €  LGm.  We  then  have 

J  hl((s,T]]^Dy  d(Ix)z  =  j  l((s,T]]lr>y  d(Ix)hz-  (3.12) 
The  equality  in  (3.12)  is  obtained  as  follows: 

J  h\((S,T\)^Dy  d{Ix)z    =         hlas,T]]^Dy  dlx,z^ 

~     \h  I  1((S,T]]1Dy  dIX,z) 

N  (3.13) 
=   (J  l((s,r]]lDy  dlx,hz^j 

=    j  l((5,T]]lDy  d{IX)hz- 

The  third  equality  in  (3.13)  is  valid  because  h  is  real  valued  and  bounded,  thus 
hz  £  LG,. 

The  equality  in  (3.12)  remains  valid  for  sets  D  in  V<x,  ®  B(R).  We  prove  this 
by  a  monotone  class  argument.  Let  M  =  {D  £  Voo  ®  B(R):  (3.12  )  holds  for 
D}.  We  have  already  seen  that  71  C  M.  Let  (AO^Li  be  a  sequence  in  M  with 
Dn  |  D  and  we  show  that  D  €  M.  Let  z  €  LqG.  and  assume  condition  (I).  Then  we 
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have  /i1((s,t]]1d„J/  — ►  /il((s,r]]l£>y  pointwise  and  |/i|1((s,t]]1d„M  <  c|y|l((s,T]]l£>n  G 
L1(Ix)z)-  The  constant  c  bounds  h,  that  is  \h\  <  c.  Recall  that  since  X  is  summable 
Ix  has  finite  semivariation  (relative  to  (F,G))  and  hence  \(Ix)z\((S,  T}]  x  Dn)  <  oo. 
By  dominated  convergence  we  have 

J  hl{{StT]]lDny  d{Ix)z  — ►  J  /il((5,T]]lc2/  d(Ix)z.  (3.14) 

A  similar  application  of  the  dominated  convergence  theorem  gives  us 

J  ^■((s,T]}1Dnyd{Ix)hz  — ►  J  l((5,r]]lcy  d{Ix)hz-  (3.15) 

We  remark  here  that  the  verification  of  (3.15)  uses  the  fact  that 

\{Ix)hz\{D)<c\{Ix)kz\{D)  (3.16) 

where  c  is  a  constant  that  bounds  h.  Combining  (3.14)  and  (3.15)  we  obtain  (3.12) 
for  sets  D  in  Voo®B(R).  A  similar  argument  applies  when  the  sequence  Dn  decreases 
to  D.  Hence  M.  is  a  monotone  class. 

It  follows  that  for  any  predictable,  simple  process  H,  we  have 

J  hl«s,nHd(Ix),  =  J  l({s,nH  d(Ix)hz.  (3.17) 

Equality  (3.17)  remains  valid  for  any  H  €  ^f,g(^)-  An  application  of  the  dominated 
convergence  theorem  (as  was  done  for  (3.14)  and  (3.15))  easily  verifies  this.  Assume 
now  that  (/  l((s,r]]//  dlx)  €  LPG.  Then  we  have 

(h  J  l((s,T]]#  dlx,z^    =    (^J  l((s,T]]H  dlx,hz} 

=    /  h(s,T])H  d(Ix)hz 

(3.18) 

=   J  h\((S,T\]H  dIXz 

=        hl((S,T]]H  dIx,z^ 
The  third  equality  in  (3.18)  is  by  (3.17).   Since  LqG.  is  norming  for  both  LG  and 
(LG»)*,  we  obtain  the  equality  in  (3.8(a)).   This  proves  (a).   We  next  prove  (b). 
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Assume  condition  (II).  Let  H  :  R+  x  Vt  x  R  — ►  R  be  predictable  with  If,g{H)  <  oo, 
that  is, 

H  e  Wf,g)  C  Mhs)  =  7*e(X).  (3.19) 

The  inclusion  in  (3.19)  is  valid  because  I^e  <  If,g,  see  proposition  (2.3.15).  Assume 
also  that  (/  1((S,T]]H  dlx)  G  VE  (see  (b)  of  the  present  proposition).  Let  h  in  condition 
(II)  be  of  the  form  h  =  ky,  where  k  :  — ►  R  is  .Fs-measurable  and  y  G  F.  Then 
(/  l((5,r]]#  dIx)y  €  LVG.  By  theorem  (2.3.42)  we  have 

y  (J  l({S,nH  dlx)  =  /  h(s,T\\Hy  dIX-  (3-20) 

The  following  equalities  are  then  obtained. 

j  hl((s,nH  dlx  =  kj  l«s,T})Hy  dlx  =  hj  lmnH  dI*  (3-21) 

The  first  and  second  equalities  in  (3.21)  are  realized  via  (3.8(a))  and  (3.20)  re- 
spectively. It  follows  that  (3.21)  remains  valid  for  any  ^-measurable  simple  function 
h.  For  the  general  case  let  h  :  Q,  — ►  F  be  jFs-measurable  and  bounded.  Then  there 
is  a  sequence  (/in)£Li  of  ^5-measurable  simple  functions  such  that  hn  — >  h  with 
\hn\  <  H  Observe  that  hnl{{s,nH  €  M[f,g)  and  that  \hn\{{s,nH\  <  \h\l{{s,T]}\H\ 
(note:  h  is  bounded).  We  have 

J  hnl((s,nH  dlx  =  hn  (|  l{{s,nH  dlx}  — *  h  (|  l({s,nH  dlx)  ■  (3.22) 

The  equality  in  (3.22)  results  from  (3.21)  and  the  convergence  is  pointwise  (w)  in  G. 
Then  by  the  Lebesgue  theorem  (theorem  (3.1.1))  we  have 

J  hnl(is,nH  dlx  —>  J  hlmnH  dlx  (3.23) 

in  Lq.  Combining  (3.22)  and  (3.23)  we  obtain  (3.8(b)).  This  proves  statement  (b) 
as  well  as  the  theorem.  I 
Remark  (3.4.2). 
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(a)  Proposition  (3.4.1)  is  just  a  result  on  integration;  observe  that  H  was  not 
assumed  to  be  in  LFG{X)  or  in  L^((Ix)f,g)-  The  usefulness  of  this  proposition 
is  in  its  application  to  the  next  two  results. 

(b)  In  the  case  that  S  is  a  predictable  stopping  time,  h  is  Ts- -measurable  and  H 
is  integrable  with  respect  to  J,  we  have  a  result  similar  to  that  in  proposition 
(3.4.1).  Now  we  have 

J  hl[[s<nH  dlx=hj  \s,nH  dIx-  (3-24) 

The  result  in  (3.24)  is  easily  obtained  from  proposition  (3.4.1)  by  approximating 
S  by  predictable  times  Sn  from  below,  that  is  Sn  t  S. 

The  next  result  says  that  if  H  €  LFG(X)  then  under  certain  conditions  the  process 
measure  H  ■  X  (see  remark  (3.2.3))  is  summable. 

THEOREM  (3.4.3).  Let  H  e  Lf<g(X)  and  assume  that  either  condition  (a)  or  con- 
dition (b)  is  in  force. 

Condition  (a).  G  does  not  contain  an  isomorphic  copy  of  cq. 
Condition  (b).  For  every  set  DeV^®  B(R)  we  have  fD  H  dlx  e  VG. 
Then  we  have: 

(1)  For  every  set  D  €  Voo  ®  B(R),  IH-x(D)  =  Id  h  dIx- 

(2)  (/tf.xW*  (£>)  <  (/*  Wg(1d#),  for  Den. 

(3)  H  ■  X  is  p-summable  relative  to  (R,  LVG). 

Proof.  Assume  condition  (a).  Before  verifying  statements  (l)-(3)  above  we  show  that 
the  hypothesis  and  condition  (a)  together  imply  condition  (b).  Let  (s,t]  x  A  x  B 
be  a  predictable  cube  with  A  €  T,  and  B  €  B(R).  Since  H  6  LFG{X)  we  have 
that  (H  •  X)t(B)  —  (H  ■  X)S(B)  is  LG  valued,  and  it  is  in  fact  a  measure  in  B.  The 
following  expression  is  thus  also  VG- valued: 

U[(H  ■  X)t(B)  -  (H  ■  X),(B)}.  (3.25) 


44 

We  may  write  (3.25)  as  U[/(M]xB  H  dlx]-  By  proposition  (3.4.1)  (use  condition  (I) 
there)  the  last  term  is  the  same  as 

f  1M1A1BH  dlx  =  [  H  dlx.  (3-26) 

J     y    1  J{s,t]xAxB 

Hence  f(Sit]xAxB  H  dlx  €  LG.  Now  let  M  denote  the  set 

M  =  U)  €  Voo  ®  B(R) :     H  dlx  €  . 

We  have  just  seen  that  TZ  C  -M,  where  7^  is  the  disjoint  (finite)  union  of  predictable 
cubes  which  generates  Voo  <8>  B(R).  Let  (D„)  be  a  sequence  in  M  such  that  Dn  |  Z). 
We  assert  that  D  €  M.  Since  c&  £  G,  it  follows  also  that  Co  £  [1,  4,  5,  30] 
and  thus  the  set  of  measures  (Ix)f,g  =  {|(^)z|  :  «  €  (LqG')}  iS  uniformly  <r-additive 
(proposition  (2.3.20)).  Then  by  the  dominated  convergence  theorem  for  Ix  (theorem 
(2.3.36))  we  conclude  that  lDnH  — ►  1DH  in  J7f((Ix)f,g)- 
It  follows  that 

||  J  lDnH  dlx -J  IdH  dlx\\i/a  =  II  /  l(D*AD)H  dIx\\L>a 

+  n          _^  (3-27) 
— >  0  as  n  — >  oo  as  v  ; 

/  l(DnAD)H  dIX     p  <  (lx)FJJ>a(MDn*D)H)  — ►  0 

G 

(the  reader  may  want  to  consult  the  details  under  the  heading  "vector  integration: 
The  integral  //  dm",  which  appears  after  remark  (2.3.38)  in  chapter  2,  in  the  case 
that  (3.27)  causes  some  confusion). 

From  (3.27)  we  conclude  that  fD  H  dlx  €  LPG.  The  same  argument  works  if  the 
sequence  (Dn)  in  M  increases  to  D.  Hence  M  is  a  monotone  class  and  we  have 
M  =  Voo  ®  B(R).  That  is,  fD  H  dlx  €  LVG,  for  D  6  Vm  ®  S(R)  and  this  is  condition 
(b).  It  follows  now,  form  Theorem  (2.3.42)  that  d(HIx)  is  a  <x-additive  measure  on 
P«,<8>B(R). 

We  now  prove  statements  (1)  and  (2)  for  sets  in  %.  As  earlier,  consider  predictable 
cubes  of  the  form:  (a)  (s,t]  xAxB,  with  Aef,  and  B  G  £(R)  and  (b)  {0}  x  C  x  D 
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with  C  e  Fq  and  D  <E  B(R).  These  are  the  generators  of  V<»  <g>  B(R).  Let  us  now 
verify  that  statement  (1)  is  true  for  sets  of  the  form  in  (a)  and  (b).  For  the  set  in  (a) 
we  have 

/  Hdlx   =    f  l{a,t]UlBH  dlx 

J{»,t]xAxB  J 

=    U  f  dlx  =  1A  I        H  dlx 


(3.28) 


'(.,*]> 

=  lA((H.X)t(B)-(H.X)a(B)) 
=  IH.x{(s,t]xAxB) 

The  second  equality  in  (3.2.8)  is  valid  by  proposition  (3.4.1)  (condition  (I)).  The  last 
equality  in  (3.28)  is  by  definition  (see  (2.3)).  For  the  set  in  (b)  we  have 


/  Hdlx    =    [  1{o}1c1d#  Idx 


=   lc  [      H  dlx 

CJ{o}xD       X  (3.29) 

=  lc(H-X)0(D) 

=  W{0}xCxD), 

The  reasoning  for  (3.29)  is  the  same  as  that  for  (3.28).  It  now  follows  that 

/  H  dlx  =  Ih  x(D)  for  D  €  11  (3.30) 
Jd 

Since  //.)  H  dlx  is  a  LVG  valued  measure  on  Poo  ®  B(R)  (use  theorem  (2.3.42)  (a)) 
and  as  Ih  x  is  a  cr-additive  measure  on  1Z  (from  (3.30))  we  deduce  by  a  monotone 
class  argument  that  Ih  x(')  can  be  extended  to  a  VG- valued  cr-additive  measure  on 
Too  ®  B(R)  and  that 

Ih-x(D)  =  /  H  dlx  for  every  D  <E  Poo  ®  B(R). 
Jd 

This  proves  (1).  Let  us  verify  (2)  for  sets  of  the  form  in  (a)  and  (b).  For  a  set  in  (a) 
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we  have 


sup 

(fi)C*,\fi\<l 

<->j({'i.*i)xAt*Bi) 
C(',t]xAxB, 
J  is  a  finite  index  set 

sup 

{/,)C».I/J<1 

C(s,t]x.4xB, 
7  is  a  finite  index  set 


£///^((*,*i]x^x  £,)/,- 

W/  Hdix)fi 


rP 

G 


(3.31) 


sup  sup 
(A);IAI<i 

•J^t^i.'ilx^ixBiCts.tlx^xB  <* 


(W  Hdixfhz)\ 


<  {Ix)f,l*g(ImxAxbH)  <  If,lpg(H)  <  oo 
The  second  equality  in  (3.31)  is  justified  by  statement  (1)  and  the  last  term  in 
(3.31)  is  finite  because  H  e  LFiG(X).  The  computation  in  (3.31)  is  still  true  for  sets 
of  the  form  (b).  It  follows  that  statement  (2)  holds  for  sets  D  in  71.  Now  observe 
that  the  u-additive  measure  lu  x  has  bounded  semivariation  relative  to  (R,LG)  on 
71.  Hence  by  proposition  (2.3.17)  Ijj.x  has  bounded  semivariation  relative  to  (R,  LG) 
on  Voo  <g>  B(R). 

Finally,  statement  (3)  follows  immediately  from  statements  (1)  and  (2).  This 
completes  the  proof  of  the  theorem.  ■ 

Remark  (3.4.4). 

(i)  From  the  proof  of  theorem  (3.4.3)  we  see  that  if  H  €  LFtG(X)  then  for  any 
predictable  rectangle  of  the  form  (s,t]  x  Ax  B,  where  A  £  F„  and  B  €  B(R), 
we  have 


L 


H  dlx  =  1A[(H  ■  X)t(B)  -  (H  ■  X).(B)]  G  LPG. 


l(s,t]xAxB 

However  the  mere  fact  that  H  €  LFG(X)  does  not  imply  that  fD  H  dlx  £  LG 
for  an  arbitrary  set  D  in  <8>  B(R).  This  was  the  reason  why  we  needed  to 
impose  either  condition  (a)  or  condition  (b)  in  the  theorem. 

(ii)  If  H  €  L^lp  (X)  and  either  one  of  the  conditions  (a)  or  (b)  below  hold  then 
we  can  show  that  H  •  X  is  p-summable  relative  to  (F,LG).  The  conditions  are: 
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(a)  co<£E,G  and  (b)  (JD  H  dlx)  €  VE  for  every  D  in  ®  B(R).  The  proof 
is  the  same  except  that  we  now  have: 

(iii)  Note  that  if  the  space  G  is  reflexive  then  (LG)m*  =  LPG,  hence  the  linear  operator 
/  Hdlx  belongs  to  LG.  Then  condition  (b)  in  the  theorem  is  immediately 
satisfied  (apply  theorem  (2.3.42))  and  there  is  no  need  for  condition  (a). 

THEOREM  (3.4.5).  Let  X  be  a  summable  process  measure  and  let  T  be  a  stopping 
time. 

(a)  XT  is  p-summable  relative  to  (F,  LG). 
For  any  A  €  Too  and  B  G  B(R)  we  have 

(i)  XT(B)  =  (l[[0,T]]-X)(B). 

(ii)  IxT(AxB)  =  Ix(([[0,T]}nA)xB). 

(b)  Let  H  €  TFJpQ (X).  Then 

{Ixt)f,l'g(H)  =  (Ix)F,L'a(ho,T)]H)- 

Proof,  (a)  We  have  already  seen  in  proposition  (3.3.1)  that  XT  is  a  process  measure. 
For  *  €  [0,  oo],  we  know  from  theorem  2.2.5  (b)  that  Xj(B)  =  XTm(B)  =  Ix{[[0,T A 
t]]  x  B).  Now  consider  the  predictable  function  H  =  1[[o,t]]1b-  Then  H  €  LlFG(X). 
Infact  from  corollary  (3.3.3)  we  know  that  l((o,r]]lfi  £  LFG(X).  Observe  that  we 
may  write  H  as  H  =  l{o}xftls  +  1((o,t]]1b  and  as  l{o}xnls  is  clearly  in  LFGB(X) 
it  follows  that  H  G  LlFG(X).  Computing  /[0)(]xb  H  dlx  we  have  /[0  (]xB  dlx  = 
/l(to,rAfl]lfl  <tf*  =  M[[0,T  A  <]]  x  B).  That  is,  •  X)t(B)  =  (l[[0,r]]  •  X)(B)  = 
Ix([[0,  T  A  «]]  x  5).  Comparing  the  computations  for  (H  ■  X)t(B)  and  Xj(B)  we 
obtain  (i). 
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As  for  (ii)  consider  a  rectangle  (s,  t]  x  A,  A  €  T»  in  V.  We  have 

Ixt(M*  AxB)   =  \A[XJ{B)-XJ{B)) 

=  U[Xtm(B)  -  XTAS(B)}  (3.32) 
=  Ix[{((s,t]xA).n[[0,T]]}xB] 

The  third  equality  in  (3.32)  may  easily  be  verified  by  direct  (setwise)  computation. 

The  picture  below  will  perhaps  make  this  equality  transparent. 


(The  shaded  region  represents  the  set  ((s,t]  x  A)  0  [[0,T]].) 

This  gives  (ii)  for  sets  in  Voo  of  the  form  (s,t]  x  A,  where  Aff,.  Thus  we  have 

Ixr(C  xB)  =  Ix((Cn[[0,T)])  x  B)  (3.33) 

for  sets  C  in  TZp,  where  TZp  is  the  ring  of  disjoint  (finite)  unions  of  rectangles  which 
generate  Voo-  Now  since  Ix  is  a  cr-additive  measure  we  have,  in  particular,  that  for 
each  fixed  B  the  right  hand  side  of  (3.33)  is  a  cr-additive  measure  on  Hp.  Thus  for 
B  fixed  Ixt(-  x  B)  :  TZ-p  — ►  VE  is  a  cr-additive  measure  and  as  Ix  is  a  cr-additive 
measure  on  Voo  it  follows  that  (3.33)  can  be  extended  to  sets  in  Voo  (by  a  monotone 
class  argument).  That  is,  we  have: 

Ixt(A  xB)  =  Ix((A  D  [[0,  T]])  x  B)  for  A  G  Voo-  (3.34) 

This  gives  (ii).  Finally  to  show  that  XT  is  summable  observe  that  (3.34)  is  true 
for  sets  in  H  (where  TZ  now  is  the  ring  generating  Voo  ®  #(R)).  Then  use  the  fact 
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that  X  is  summable  to  deduce  that  Ixt  can  be  extended  to  a  cr-additive  measure  on 
"Poo  ®  B(R).  Also  Ixt  has  bounded  semivariation  on  TZ  (because  Ix  does).  Thus  we 
may  conclude,  by  proposition  (2.3.17)  that  XT  is  p-summable.  This  proves  (a).  We 
now  prove  (b).  If  we  compute  the  semivariation  of  H  with  respect  to  XT  (relative  to 
(F,  LPG))  in  terms  of  proposition  (2.3.30)  we  see  that  to  establish  the  equality  in  (b) 
it  suffices  to  establish  (3.35)  below. 

J  \H\  d\(Ixr)2\  =  J  lM\H\  d\(IX).\  for  each  z  €  {LqQ.)x.  (3.35) 

We  verify  (3.35)  in  steps.  We  recall  first  the  measure  (Ix)z-  Note  that  Ix  :  V  — ► 
VE  C  L(F,  VG)  is  a  /^-valued  measure  and  (Ix)z  :  V  — V  L(F,R)  =  F*  (refer  to 
section  (2.3)  concerning  the  measure  (Ix)z  =  ^z,  where  Ix  —  m).  A  similar  comment 
applies  to  Ixt. 

Step  (1).  Let  (s,t]  x  Ax  B,  with  A  €  Ta  and  B  €  B(R)  and  let  /  €  F.  We  have 

(Ixr),((8,t]  x  A  x  B)(f)   =  (IXT((s,t]xAxB)(f),z) 

=  (M(((M]xA)n[[0,r]]))xB)(/),2)  (3.36) 
=  (U((((S)f]x4)n[[0,T]])XB)(/). 

The  second  equality  in  (3.36)  is  by  (ii)  of  (a).  It  follows  easily  that 

|(/xt),|((M]  x  A  x  B)  =  x  A)  n  [[0,T]])  x  B)  (3.37) 

The  equality  in  (3.37)  is  valid  on  V,  (as  the  variation  of  a  countably  (finitely)  additive 
measure  is  countably  (finitely)  additive  (see  Dinculeanu  [12],  page  35).  Observe  that 
since  X  is  summable  we  have  |(/x)z|(((0, oo]  x  ft)  x  R)  <  oo  (we  are  using  the  fact 
that  Ix  has  bounded  semivariation  on  Voo  ®  B(R)  and  proposition  (2.3.13)  which 
says,  in  our  case,  that  (Ix)f,lpg  —  sup{|(^v)z|  :  2  €  (^g*)i}-  Hence  (Ix)z  has  finite 
variation).  Similarly  since  XT  is  summable  (IxT)z  als°  has  finite  variation. 
Step  2.  If  H  is  a  simple  predictable  process  of  the  form 

n 

H  =  Yl  M»i,U]x a,1b,U  (3.38) 
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where  A{  €  Ta„  #«  €  B(R)  and  /,  €  F,  we  have 

/ \H\  d\(Ixr)9\  =  £,\fi\\(IXT)z\((*uU]xAixBi) 

=  El/i||(/jr).|[(((*i,*i]x  Ai)n[[0, T]])xB]  (3-39) 
t=i 

=  J  1M|*|  d|(/x).|. 

The  second  equality  in  (3.39)  is  by  (3.37).  Thus  far  we  have  established  (3.35)  for 
simple  predictable  functions  H. 

Step  3.  Now  let  H  €  Tf,g{X).  Since  H  is  predictable  we  can  obtain  a  sequence 
(Hn)^=l  of  simple  predictable  functions  such  that  Hn  — >  H  pointwise  and  \Hn\  < 
\H\.  By  monotone  convergence  we  have 

J  \Hn\  d\(Ixr),\  — ►  J  \H\  rf|(/xr),|  (3.40) 

and  also 

/  1mIJ?.I  WxM      /  h°,n\n\  d\(lxU  (3-41) 

Since  /  \Hn\  d\{Ixr)x\  =  /  l[[o,Tl]|#n|  )*l  by  steP  (2)'  we  arrive  at  the  equality 

J  \H\  d\(Ixr),\  =  J  1M|#|  d\(IxU 

This  proves  the  equality  in  (3.35)  and  thus  also  the  theorem.  ■ 
We  are  now  in  a  position  to  prove  the  main  theorem  of  this  section.  It  says  that  if 
T  is  a  stopping  time,  Co  £  G  and  H  €  L1Fg{X)  then  the  summable  process  measure 
(H  ■  X)T  is  equal  to  H  ■  XT . 
Theorem  (3.4.6).  Assume 

(a)  H  e  L^X) 
and 

(b)  fD  H  dlx  e  LPG  for  every  D  €  "Poo  ®  B(R). 
Let  T  be  a  stopping  time.  We  have 
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(1)  lmT]]H  e  LFtI/g(X)  and  H  €  Lya(XT). 

(2)  For  any  B  €  B(R)  and  t  <E  [0,  oo]  we  have 

(H  ■  X)J(B)  =  ((lno.m/0  •  X)t(S)  =  (H  ■  XT)t(B). 

Further,  if  Co  <f.  G  then  we  have 

(3)  (a)  (H  ■  X),  (H  ■  X)T  and  {H  ■  XT)  are  summable  relative  to  (R,  LPG). 
(b)  The  process  measures  (H  ■  X)T  and  (H  ■  XT)  are  equal,  (H  •  X)T  = 
HXT. 

Proof.  The  proof  for  the  first  part  of  (1)  and  the  first  equality  in  (2)  is  done  the  same 
way  as  the  proof  of  theorem  3.8  in  Brooks  and  Dinculeanu  [4].  We  sketch  that  proof 
here. 

Consider  first  a  simple  stopping  time  T  of  the  form  T  =  J2i<i<n  ^AtU  with  0  < 
h  <•••<*»  <  +oo  and  Ai  €  Ftit  where  the  A{  form  a  partition  of  fi.  We  have 

(H  ■  X)T(B)(w)  =  (H  ■  X)t,(B)(w)  =  (  f        H  dlx)  (w),  (3.42) 

\J[0,<,]xB  ) 

where  <,  is  such  that  T(w)  =  f,.  Thus, 

(H-X)T(B)  =    £  l*LxBHdI* 

l<t<n  JV>M*B 

=    I  Hdlx-  £  1a.  /         H  dlx 

J[0,oo]xnxB  K,<n  J(t„oo]xB 

=    /  Hdlx-  £  U,  /         H  dlx  (3.43) 

J[0,oo]xfixB  1<1<n  J(,t„oo]xB 

=    I  Hdlx  -  I  Y.  ihuM^BH)  dlx 

J[0,^)xUxB  J 

=    /  Hdlx  -  f  M(t,oo]]IbH  dlx. 

J[0,oo]xaxB  J 

The  fourth  equality  in  (3.43)  is  by  Proposition  3.4.2  (condition  I).  The  fifth  equality 
is  obtained  because  ((T, oo]]  =  U"=i(*«5°°]  x  Ai  and  thus  1((t,<x>]]  =  Yl?=i  l(«i,oo]l,4;-  It 
follows  from  (3.4.3)  that 

(H  ■  X)T(B)  =  [  Hdlx  -  [         H  dlx=  I  l[[o,r]]lBtf  dlx.  (3.44) 

y[0,oo]xnxB  J((0,T]]xB  J     11  " 


52 

Now  suppose  that  T  is  an  arbitrary  stopping  time.  Then  we  may  approximate  T  by 
a  sequence  (Tn)  of  simple  stopping  times  from  above.  An  application  of  the  Lebesgue 
theorem  (theorem  (3.1.1))  allows  us  to  conclude  that  (3.44)  is  valid  for  the  stopping 
time  T.  Replacing  T  by  T  A  t  in  (3.44)  we  obtain: 

(H.X)J(B)=f       \MHdIx.  (3.45) 

J[0,t]xB 

Observe  that  assumptions  (a)  and  (b)  imply  (via  theorem  (3.4.3))  that  H  •  X  is  p- 
summable  relative  to  (R,  LG)  and,  hence  from  proposition  (3.3.1)  we  conclude  that 
(H  ■  X)T  is  a  process  measure.  This  fact  and  (3.45)  imply  that  (1[[0it]]H)  6  LFG{X). 
It  follows  that 

(H.X)J(B)  =  ((l[[0,nH).X)t(B). 

This  gives  the  first  part  of  (1)  and  the  first  equality  in  (2). 

We  now  prove  the  second  part  of  (1)  and  the  second  equality  in  (2).  Infact  from 
theorem  (3.4.5  (b))  we  know  that  (Ixt)f,lpg (X)  iS  finite  so  that  H  €  Tf,g{Xt). 
Hence  if  we  prove  the  second  equality  in  (2)  we  will  also  have  that  H  €  LFG(XT). 
We  do  this  next.  We  need  to  verify  that 

J  l[0,t]lij#  dlxr  =  j  1[0^IbH1[[0iT]](1Ix  (3.46) 

Returning  to  section  3  of  chapter  2  we  realize  that  since  the  integral  is  an  element  in 
(LqG.)*  it  suffices  to  show  that 

Q  l[0,t]lBH  dlxr,z}  =  Q  lMlBl[[o.T]]ff  dlx,z)  (3.47) 

for  each  z  G  LqG.. 

If  H  is  a  simple  predictable  process  of  the  form 


l<i<n 


(3.48) 
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then  we  have 


//         Hdlxr,z)    =     I  Y.UtlBjid{Ixr)z 

\J[0,t)xB  I  J[0,t]xB  ~[ 

=  E(/xrM([0,<]xAi)x(J3<nB))/< 

=  (E(W(([0,^]xA,)x(5,n5))/,-,z' 


/  n 


=  (E(^)((([0^]x^)n[[°'r]])x5«nW-2)  ,.J<rt 

\,=i  /  (3.49) 

=  B  W(([0,  *]  x      n  P.  rD  x  *  n 
1=1 


f  " 

=     L  .    DIZ1[[0,T]]UilB.  </(/x)« 
J[MxS  ,=1 

=  ( I     ho,nH  dIxiz)  ■ 

\JlO,t]xB  I 

The  fourth  equality  in  (3.49)  is  obtained  via  part  (a)  (ii)  of  theorem  (3.4.5).  Thus 
(3.47)  is  true  for  any  simple  predictable  H  of  the  form  in  (3.48).  Now  let  (H  € 
lf,g(X))-  Then  H  €  Ff,g{X)  and  thus  also  to  Tf,g(Xt)  (theorem  3.4.5  (b)).  Let 
(Hn)™=l  be  a  sequence  of  simple  predictable  functions  such  that  Hn  — >  H  pointwise 
and  \Hn\  <  \H\.  Then  Hn,H  £  Lx(\(Ixt)z\).  Using  the  equality  in  (3.47)  which 
is  true  for  simple  predictable  functions  and  the  dominated  convergence  theorem  we 
conclude  that  (3.47)  remains  true  for  H  e  L1Fg{X).  This  completes  the  proof  of 
statements  (1)  and  (2)  of  the  theorem.  Finally  statement  (3)  follows  directly  from 
statements  (1)  and  (2),  theorem  (3.4.3)  and  the  theorem  (3.4.5),  part  (a).  ■ 

3.5    Some  Properties  of  the  Space  LpG(X) 

The  purpose  of  this  section  to  bring  to  the  readers'  notice  that  the  space  LlFG(X) 
possesses  some  of  the  familiar  properties  that  one  encounters  in  the  standard  theory 
of  stochastic  integration  [4,  10,  27].  We  remark  at  this  stage  that  though  we  were 
tempted  to  consider  two  parameter  stopping  times,  we  did  not  do  so.  This  is  because 
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such  stopping  times  have  many  shortcomings  (see  [31]). 

The  positive  results  that  we  have  concerning  the  space  LFG(X)  are  (1)  LFG(X) 
is  complete  and  (2)  LlFG(X)  contains  the  bounded  cr-elementary  processes  (to  be 
described  shortly).  Since  the  proofs  are  carried  out  in  a  similar  fashion  to  the  proofs 
of  the  corresponding  results  [4],  we  find  little  need  to  reproduce  them  here.  We  will 
direct  the  reader  to  the  specific  theorems  [4]  at  the  appropriate  time.  There  are, 
however,  certain  details  that  must  be  added  and  certain  remarks  that  must  be  made. 
These  embellishments  will  then  be  the  primary  worth  of  this  section.  The  proof  of 
the  next  theorem  (on  completeness  of  LFtG(X))  is  the  same  as  that  for  theorem  (3.10) 
in  Brooks  and  Dinculeanu  [4]. 

Theorem  (3.5.1).  Let  (Hn)™=l  be  a  sequence  in  LFG{X).  Then  there  is  an  H  e 
Ff,g{X)  such  that  Hn  — >  H  in  the  seminorm  {Ix)f,lvg-  For  each  t  €  [0, oo],  B  (E 
B(R),  we  have 

(a)  (Hn  ■  X)t(B)  — >  (H  ■  X)t{B)  in  LPG  and 

(b)  There  exists  a  subsequence  (n*)  such  that  (i/n*  •  X)t(B)  — >  (H  •  X)t(B)  a.s. 
as  k  — ►  oo,  uniformly  on  every  compact  time  interval. 

(c)  H  e  LF<G(X). 
Remark  (3.5.2). 

(a)  The  existence  of  H  in  the  theorem  is  immediate  as  the  space  !Ff,g{X)  is  com- 
plete (see  remark  (2.3.33)). 

(b)  We  remind  the  reader  that  the  elements  (Hn)^=.l  of  Tf,g(X)  are  predictable 
(see  step  (6)  in  section  1  of  chapter  3).  It  follows  that  H  is  also  predictable. 

(c)  The  proof  of  this  theorem  involves  stopping  times  in  an  essential  way.  These 
stopping  times  are  associated  with  the  family  ((Hn  •  X)(B)(-))^Ll.  To  be  more 
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precise  the  family  (Tn)^=l  of  stopping  times  used  in  the  proof  axe  defined  as 
follows: 

Tn  =  inf  {<  :  \(Hn  ■  X)t(B)  -  (#n+1  ■  X)t(B)\  >  ^}  A  t0  (3.50) 
where  to  is  some  positive  fixed  number. 

(d)  In  order  to  show  that  H  6  LFg(X)  we  must  verify  the  two  conditions  in 
definition  (3.2.2).  Condition  (2)  obtains  immediately  from  the  proof  of  theorem 
(3.10)  in  Brooks  and  Dinculeanu  [4],  mentioned  earlier;  we  omit  the  details.  It 
remains  for  us  to  verify  condition  (1).  From  (a)  of  the  theorem  we  know  that 
the  set  function  (H  ■  X)t(-)  :  B(R)  — ►  LPG  exists  and  is  given  by  (H  ■  X)t(A)  = 
nlimo(tfn  •  X)t(A),  where  the  limit  is  in  LVG.  Since  Hn  e  LlFG{X),  each  of  the 
set  functions  (Hn  •  X)t(-).  B(R)  — >  LG  is  a  <r-additive  measure.  Thus  by 
the  generalized  Nikodym  theorem  (theorem  6,  page  321  in  [18]),  we  have  that 
(H  •  X)t(-)  is  also  a  LG  valued  cr-additive  measure.  Thus  H  €  LlFG{X). 

We  now  proceed  to  our  second  positive  result. 
DEFINITION  (3.5.3).   We  call  the  F-valued  process  H  :  R+  x  Q  x  R  — >  F  a- 
elementary  if  H  is  of  the  form 

H  =  H0l{0}lBo+   £   Hnl{{TnM]lBn  (3.51) 

l<n<oo 

where  (Hn)n>o  is  abounded  family  of  random  variables  such  that  Ho  E  J~o,  Hn  G  Trn, 
n  =  1,2, . . .,  the  sets  (5„)„>o  are  in  B(R)  and  (Tn)^  is  a  sequence  of  stopping  times 
with  Tn  t  oo. 

The  next  result  is  of  importance  because  it  will  allow  us  to  prove  that  the  a- 
elementary  processes  in  ^f,g(^)  are  in  LlFG(X).  A  proof  of  this  theorem  may  be 
adapted  from  the  proof  of  theorem  3.16  in  [4]. 

THEOREM  (3.5.4).  Let  H  G  Ff,g{X).  Suppose  that  the  following  condition  is 
satisfied: 
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There  exists  a  family  (Tn)™=l  of  stopping  times  with  Tn  t  oo  and  for  each  n 

(3.52) 

we  have  (l[[0,Tn]]H)  £  LlFG(XT»). 

Then  H  £  LFG(X)  and  for  each  B  £  B{R)  we  have 

(H  ■  X)t(B)  =  nlimo((l[[o,Tn]]^)  •  X)t(B)  pointwise  for  each  t  >  0.  (3.53) 

REMARK  (3.5.5).  The  proof  of  this  theorem  involves  arguments  that  are  similar  to 
the  proof  of  theorem  3.16  [4].  A  close  inspection  of  the  proof  of  this  theorem  yields 
two  facts.  For  each  B  £  B(R)  and  any  t  >  0  we  have 

(a)  (S[o,t)xBH  dIx)  €  VG  and 

(b)  /[o,«]xb  l[[o,Tn]]H  Mx  — ►  J[o,t]xB  H  dIx  in  Lo- 
in order  to  show  that  H  €  LFG(X)  we  need  to  verify  condition  (1)  of  definition 

(3.2.2)  (note  that  (H  •  X)t(B)  is  cadlag,  adapted,  by  virtue  of  (3.53)).  From  fact  (b) 
we  have  that 

J|m  ((iBWd*)  •  X)t(B)  =  H  dlx  (3.54) 

for  each  B  £  B(R).  The  limit  in  (3.54)  is  in  VG.  Observe  that  for  each  n  the  set 
function  (l[[o,r„]]#  •  X)t(')  '  B(R)  — >  LG  is  a  ^-additive  measure.  Hence  by  the 
generalized  Nikodym  theorem  (18,  theorem  6,  page  321)  we  conclude  that  the  set 
function  f[0t]xg  H  dlx  '■  ^(^+)  — ►  LG  is  also  a  a-additive  measure.  Hence,  indeed, 
H  €  LF>G(X). 

We  are  now  in  a  position  to  prove  our  next  result. 
THEOREM  (3.5.6).   Let  H  £  FF<G(X)  be  a  <r-elementary  process  of  the  form  in 
(3.51).  Then  H  £  LXF<G{X).  For  any  B  £  B(R)  we  may  write  {H  ■  X)t(B)  as 


(H-X)t(B)  =  HQX0(B0f)B)+   £   Hn[XTn+iM(Bnr\B)-XTnM(BnnB)}  (3.55) 

l<n<oo 
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Proof.  For  each  n  put 

Gn    =  1[[0,T„]]# 

\  l<fc<oo  / 

n-1 

=   H0l{o}lB0  +  ^2Hkl{{TktTk+l]]lBk. 

k=l 

It  follows  that  for  each  n,  G„  is  bounded,  predictable  and  Ix(Gn)  <  oo  (note:  X  is 
p-summable).  Hence,  for  each  n,  Gn  G  Jf,g(X).  Observe  that  for  each  n,  Gn  is  an 
elementary  process  (see  (3.6))  and  hence  by  corollary  (3.3.3),  Gn  €  LFG(X).  Using 
just  the  fact  that  //  <E  Tf,g(X),  we  obtain  via  theorem  (3.4.5  (b))  that 

(Ixrn)F,L>G(H)  =  (Ix)F,L>G(ho,Tn]]H)  <  oo.  (3.56) 

It  is  immediate  from  (3.56)  that  {IxTn)F,Lpa  (l[[o,T„]]#)  is  finite.  Next  since  (1[[o,t„]]#)  £ 
LFG(X)  we  have  by  part  (2)  of  theorem  (3.4.6)  that 

((lffo.T,.]]/0  •  XT»)t(B)  =  ((l[[0,r„]]tf )  •  (3-57) 

Note  that  in  establishing  (3.57)  we  made  no  use  of  assumption  (b)  in  theorem  (3.4.6); 
a  close  inspection  of  the  proof  of  that  theorem  will  reveal  the  truth  of  this  statement. 
From  (3.56)  and  (3.57)  we  conclude  that  (l[[o,rn]]#)  £  LFG(XTn).  Thus  condition 
(3.52)  of  theorem  (3.5.4)  is  satisfied.  It  follows  from  theorem  (3.5.4)  and  remark 
(3.5.5)  that  H  €  LFG(X).  It  remains  for  us  to  obtain  (3.55).  Using  Corollary  (3.3.3) 
we  can  write  (Gn  •  X)t(B)  as 

(Gn-X)t(B)  =  H0XQ(B  n  B0)  +    ]T  Hi[xJ'+1(BnBi)-X?'(Br)Bi)}. 

l<t<n-l 

Finally  using  (3.53)  (H  ■  X)t(B)  may  be  written  as 
(H  ■  X)t(B)   =   nlimo(G'n  •  X)t(B)  (the  limit  is  pointwise) 

=   H0X0(B0r)B)+   £  Hn[XTn+lM(BnnB)-XTnM(Bnr\B)]. 

l<n<oo 

This  gives  (3.54).  The  theorem  is  proved.  ■ 
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3.6  The  Stochastic  Integral  (H-X)  When  the  Process  Measure  X  Is  a  Martingale 

The  standing  assumption  on  X  throughout  this  chapter  has  been  that  it  is  a  p- 
summable  process  measure.  In  this  section  we  suppose  further  that  it  is  a  martingale. 
That  is,  for  each  B  €  B(R)  fixed  we  assume  that  X(B)  is  a  martingale.  Now  suppose 
that  H  G  Ff,g{X).  The  question  that  we  seek  to  answer  here  is  the  following:  under 
what  conditions  will  (H-X)  turn  out  to  be  a  p-summable  (relative  to  an  appropriate 
pair  of  spaces)  process  measure  that  is  also  a  martingale? 

As  we  will  see  in  the  theorem  that  we  state  we  require  that  H  G  LlFG(X).  The 
reason  for  such  a  stringent  requirement  is  that  we  will  need  to  use  the  adaptedness 
of  (H  •  X)(B)  for  any  B  (E  B(R),  in  an  essential  way  to  show  that  (H  ■  X)  is  a 
martingale.  The  reader  is  directed  to  remark  (3.6.2)  (and  Corollary  (3.6.3))  for 
alternate  assumptions  that  also  yield  the  conclusion  of  the  theorem.  The  reader 
should  realize  by  now  the  fundamental  theme  of  this  chapter.  The  theme  is,  of 
course,  that  the  stochastic  integral  enjoys  the  same  characteristics  as  X.  Thus  if  X 
is  a  p-summable  process  measure  then  so  is  H  •  X  (under  certain  conditions;  theorem 
(3.4.3)).  In  the  next  theorem  we  see  that  if  X  is  also  a  martingale  then  the  same 
is  true  of  H  ■  X.  Finally  in  section  3  of  chapter  4  we  will  discover  that  if  X  is  an 
orthogonal  martingale  measure  then  so  is  H  ■  X  (theorem  (4.3.7). 

THEOREM  (3.6.1).  Let  X  be  a  process  measure  that  is  p-summable  relative  to  (F,G) 
and  let  H  €  LlFG(X).  Then  the  family  ((H  ■  X)(B))t>0tBeB(M)  is  bounded  in  LG. 

If  X  is  a  martingale  then  (H  ■  X)  is  a  martingale.  Further,  if  (fD  H  dlx)  €  VG 
for  every  D  €  Voo  <8>  B(R)  (which  is  true  if  G  is  reflexive)  then  (H  •  X)  is  p-summable 
relative  to  (R,  LG). 
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Proof.  Computing  \\{H  •  X)t(B)\\Lp  we  have 


[H  •  X)t(B)\\L> 


sup 
*e(L«.)i 


7 

7[o,tJx 


B 


H  dlx,z 


<     sup  [\H\d\(Ix)z\ 


(3.58) 


<   (Ix)f,l*g (H)  <  oo. 
The  last  inequality  in  (3.58)  is  true  since  H  £  LlFG{X).  It  follows  from  (3.58)  that: 


sup   *vv\\{H-X)t{B)\y  <oo. 

B6B(R)  <€Rf 


(3.59) 


Thus  the  family  {(H  •  X)t(B))t>Q<BeB{^  is  bounded  in  LPG. 

The  last  statement  of  the  theorem  follows  at  once  from  theorem  (3.4.3). 

It  remains  for  us  to  prove  that  for  any  B  €  B(R)  fixed,  (H-X)(B)  is  a  martingale. 
Fix  such  a  B  €  B(R).  It  suffices  for  us  to  show  that  for  any  t  >  0  the  following  holds: 


E[\c  I 


H  dIx\Tt]  =  0  for  every  C  G  T%. 


l(t,oo]xB 

Now  suppose  (3.60)  holds  and  let  0  <  s  <  t.  Then  we  have 
E[(H-X)t{B)-(H  -X).(B)\r.] 


(3.60) 


=  E 


[         Hdlx-l  Hdlx\f, 

J(a,oo]xB  J(t,oo]xB  I 

/        HdIx\T.  -E  E   (  Hdlx 

J(a,oo]x.B  [J(t,oo]xB 


(3.61) 


0 


The  first  step  in  (3.61)  uses  the  fact  that  {H  •  X)t(B)  €  Tt  for  every  t.  Thus  (3.61) 
shows  that  (H  •  X)(B)  is  a  martingale. 

We  now  prove  (3.60).  Assume  first  that  H  is  a  simple  predictable  process  of  the 
form: 

H  =  l{0}lAlBx,   where  A  €  T0  and  B  G  B(R)  (3.62) 

and  let  t  >  0  be  fixed.  In  this  case  it  is  clear  that  (3.60)  holds  for  H  of  the  form  in 
(3.62).  Next  suppose  H  has  the  form 


H  =  I^jUIbx,   where  A^Tr  and  B  €  5(R). 


(3.63) 


If  s  <  t  V  r  then  (3.60)  is  obviously  satisfied  for  this  H.  Hence  assume  that  s><Vr. 
Then  for  any  B'  €  B(R)  we  have 

/         H  dlx   =   x  /         1MU1b  dlx 

7(i,oo]xB'  J{t,oo]xB' 

=  xj  l^UlBnB'dlx  (3-64) 
=  xlA[X.{Br\B')-XtWr(BnB')] 

From  (3.64)  it  follows  that 

lc  /     #       =  XlCnA[Xa(B  n  £')  -  X1Vr(5  n  B')\  (3.65) 

J(t,oo] 

where  C  £  Tt-  Taking  expectations  in  (3.65)  we  have 


E 


f  Hdix 

J(t.oo\ 


(t,oo 


=  xE[lCnA{Xs(BnB')-XtWr(BC)B'))] 

=  xE[lcnAE[X.(Br)B')-Xtvr(BnB')\TtVr}}  (3"66) 
=  xE[lCnA[Xtvr(B  n  B')  -  Xtvr(B  n  B')}}  =  0. 

For  the  computations  in  (3.66)  we  have  used  the  following  three  facts:  (1)  s  >  t  V  r 
(2)  C  D  A  6  ^tvr  and  (3)  X(Z?)  is  a  martingale.  From  the  definition  of  conditional 
expectation,  (3.60)  holds  true  for  H  of  the  form  in  (3.63).  It  follows  that  (3.60) 
remains  true  for  7£-measurable  simple  functions  H(H  =  ring  generating  Voo  ®B(R)). 

Now  let  H  €  LFG(X)  be  arbitrary.  The  remainder  of  the  proof  is  the  same  as 
the  proof  of  theorem  3.21  [4].  We  present  it  here  for  completeness.  Observe  that 
E[lc  /(<  oo]  H  dlx]  is  G-valued.  Hence  in  order  to  show  (3.60)  it  is  enough  if  we  show 
that 

(e\\c  J  H  dlx  ,0*)  =  0  for  each  g*  G  G*.  (3.67) 

Since  H  G  LFG(X)  the  quantity  (Ix)f,g(H)  is  finite.  Then,  using  proposition  (2.3.30) 
we  have  that  H  6  LF({Ix)z)  for  z  £  LqG,.  In  particular,  we  may  take  z  to  be  z  = 
lc<7*  £  LG.,  where  g*  €  G*.  Let  (Hn)  be  a  sequence  of  ^-measurable  simple  functions 
with  Hn^Hm  LF((IX)2).  We  have  (f(t<oo]xB  H»  dlx,z)  -*  (/(t)0o]xB  H  dlx,z). 
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Using  the  duality  between  LPG  and  LqG.  (i.e.,  (J,  K)  =  E[(J{w),  K(w))],  where  J  €  LPG 
and  K  G  LG»)  and  replacing  z  by  leg*  we  have 


E 


or 


lie  I  Hndlx,g* 

\  J(t,oo]xB 


/        Hn  dlx 

J(t,oo]xB 


E 


:[  Hdlx,g* 

J(t,oo]xB  j 


E 


Lc  /         H  dlx 

J(t,oo]xB 


(3.68) 


Since  the  left  hand  side  of  (3.68)  is  zero  for  all  n  and  as  g*  G  G*  is  arbitrary  we 
conclude  that  E[\c  /(<i0o]  H  dlx]  =  0  for  any  C  G  Tt.  This  gives  (3.60)  and  the 
theorem  is  proved.  • 
REMARK  (3.6.2).  Instead  of  the  assumption  that  H  G  LFG(X)  in  the  theorem  we 
may  assume  the  following:  (1)  H  G  Ff,g{X),  (2)  /[0i(]xB  H  dlx  is  adapted  for  every 
t  >  0  and  for  each  5  €  B(R)  and  (3)  /jr,  fl"  dlx  is  valued  for  every  D  G  ^^^(R). 
Condition  (3)  implies  via  theorem  (2.3.42)  that  d(HIx)  is  a  <r-additive  measure  on 
Voo  <8>  B(R).  One  may  then  prove,  as  above,  that  (Jj0)f]xB  H  d!x)t>o  ls  a  martingale. 
Finally  it  is  a  well  known  fact  that  every  (Banach  valued)  martingale  has  a  cadlag 
modification  (see  [10],  chapter  VI  for  the  real  valued  case  and  the  reference  in  [4]  for 
the  Banach  valued  case).  Hence  H  G  LlFG(X).  The  next  corollary  says  that  we  may 
remove  the  stringent  requirement  that  H  G  LlFG(X)  in  theorem  (3.6.1)  and  instead 
replace  it  with  the  condition  H  G  Ff,o{8i  X)  (the  closure  of  the  bounded  predictable 
functions  in  Fpta(X)),  where  G  does  not  contain  a  copy  of  Co. 
Corollary  (3.6.3).  Assume  that  Co  ^  G.  Let  X  be  a  process  measure  that  is 
jt>-summable  relative  to  (F,G)  and  let  H  G  Ff,g(&,X).  Then 

(a)  The  family  ((H  ■  X)t{B))t>0)BeB^  is  bounded  in  LPG. 

(b)  If  X  is  a  martingale  then  (H  •  X)  is  a  martingale  and  H  G  LFG(B,X). 

(c)  (H  ■  X)  is  p-summable  relative  to  (R,  LG). 

Proof.  Since  Co  (£_  G  we  may  invoke  theorem  (2.3.20)  to  conclude  that  the  family  of 
measures  (Ix)f,g  is  uniformly  cr-additive. 
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We  claim  that  for  each  D  G  V<x>  ®  B(R)  we  have  fD  H  dlx  6  LPG.  Once  the  claim 
is  proved  we  may  conclude  from  theorem  (2.3.42)  (a)  that  the  set  function 

/  HdIx:V00®B(R)—>Lpa(Sl,r,P) 

cr-additive  measure.  In  particular,  for  any  t  >  0  fixed  the  set  function  J[o,t]x(.)  H  dlx  ' 
B(R)  — >  Lq  is  a  cr-additive  measure.  This  means  that  H  satisfies  condition  (1)  in 
definition  (3.2.2). 

Observe  also  that  for  each  B  G  B(R)  and  for  any  t  >  0,  f[0tt]xB  H  dlx  is  ^-adapted 
by  theorem  (3.2.1).  The  cadlag  requirement  in  condition  (2)  will  be  exhibited  soon. 
It  then  follows  that  H  6  LXFG(B,  M). 

We  now  prove  the  claim  made  earlier.  Let  D  G  'Poo  ®  B{R).  Observe  first  that 
since  the  family  of  measures  (Ix)f,g  is  uniformly  a-additive  we  have  via  proposition 
(2.3.39)  the  following  equalities: 

Ff,g(S(K),  Ix)  =  ^f,g(5(Poc  ®  B(R)),  Ix)  =  TF,G{B,  Ix). 

Thus  let  (//n)£Lj  be  a  sequence  of       ®  B(R)  simple  functions  such  that 

/  IT  dlx-  I  H  dlx      <  (lx)F,G{Hn  -H)^0. 

JD  JD  IX, 


For  each  n  we  have  fD  Hn  dlx  G  LPG,  hence  it  follows  that  fDH  dlx  G  LG.  This 
proves  the  claim.  We  can  now  prove  statements  (a),  (b)  and  (c)  quickly.  Statement 
(a)  is  done  the  same  way  as  in  theorem  (3.6.1).  The  same  proof  as  in  theorem  (3.6.1) 
yields  that  (H  •  X)  is  a  martingale  (note:  to  prove  this  statement  we  only  used 
the  fact  that  for  each  B  G  #(R),  the  process  (/[0it]XB^  dIx)t>o  is  ^-adapted  and 
that  H  G  JTFG(X)  there).  By  remark  (3.6.2)  we  know  that  (J[o,«]xb#  dIx)t>o  has 
a  cadlag  modification.  Hence  H  G  LpG(B,X)  (see  our  earlier  discussion  where  we 
checked  to  see  which  conditions  of  definition  (3.2.2)  the  process  H  satisfied).  This 
proves  statement  (b).  Finally  statement  (c)  follows  by  virtue  of  theorem  (3.4.3)  as 
fD  H  dlx  G  LVQ  for  every  D  G  Poo  Ci 


CHAPTER  4 
SUMMABLE  PROCESS  MEASURES 


In  chapter  3  we  presented  a  theory  of  the  stochastic  integral  with  respect  to  a  p- 
summable  process  measure.  This  theory  will  be  useful  only  insofar  as  there  exist 
p-summable  process  measures.  The  purpose  of  this  chapter  is  to  prove  that  certain 
types  of  process  measures  are  p-summable.  The  main  result  of  this  chapter  is  that 
orthogonal  martingale  measures,  under  certain  restrictions,  are  2-summable  (see  the- 
orem (4.2.8)).  We  also  prove  in  section  4  that  a  special  class  of  martingale  measures 
with  nuclear  covariance  is  2-summable. 

To  set  matters  in  their  proper  perspective  we  return  briefly  to  bimeasures.  From 
our  work  in  chapter  1,  (lemma  (1.3.3)),  we  know  that  a  bimeasure  /?  :  Si  x  S2  — ►  E 
is  finitely  additive  on  £i  x  £2  (tne  cr-algebras  Si  and  S2  will  now  in  our  context  be 
Voo  and  B(R)  respectively.  In  particular  for  a  process  measure  (chapter  2,  section  2) 
Ix  :  Voo  x  B(R)  — ►  VE  is  finitely  additive  on  Voo  x  B(R).  We  show  that  in  the  case 
when  p  =  2,  E  is  any  Hilbert  space,  and  X  is  one  of  the  special  process  measures  in 
the  above  paragraph,  then  Ix  can  be  extended  to  a  tr-additive  measure  on  Voo®B(R.) 
with  finite  semivariation.  This  chapter  is  partitioned  as  follows:  In  section  1  we  gather 
all  the  preliminary  notions  that  will  be  required  for  section  2.  In  section  2  we  show 
that  if  M  is  an  orthogonal  martingale  measure  and  if  supBeB(R)  (M(J5))oo  is  finite 
then  M  and  (M)  are  2-summable. 

In  section  3  we  consider  the  stochastic  integral  (H  ■  M)  when  M  is  an  orthogo- 
nal martingale  measure.  The  Ito  isometry  and  the  representation  of  the  stochastic 
integral  as  an  orthogonal  martingale  measure  are  demonstrated  here. 

In  section  4  we  prove  that  when  M  is  a  martingale  measure  with  nuclear  covariance 
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of  the  form  Mt(B)(w)  =  Bt(w)  fB  f  dfi,  where  B  G  B(R),  n  is  a  finite  measure  on 
(R,B(R)),  (Bt)t>o  is  standard  Brownian  motion  and  /  G  L2(R,  B(R), /x),  /  >  0,  then 
M  is  2-summable. 

We  record  our  debt  here  to  the  paper  by  Walsh  [47]  which  provided  important 
ideas  that  allowed  us  to  establish  the  results  in  section  4.2. 


Distributions  and  measures  in  R2. 

The  discussion  in  this  subsection  is  taken  from  Billingsley  [2]  (page  176,  mainly). 
Our  aim  here  is  to  recall  for  the  reader  an  analogue  in  R2  of  the  following  widely  known 
theorem  in  R1.  This  theorem  is  about  the  correspondence  between  non  decreasing 
right  continuous  functions  and  their  associated  measures. 

THEOREM  (4.1.1).  If  F  :  R  — >  R  is  a  nondecreasing  right  continuous  function, 
then  there  exists  on  B(R)  (Borel  cr-algebra  of  R)  a  unique  measure  n  (with  finite  or 
infinite  values)  which  satisfies  the  following  condition: 


The  measure  [i  is  finite  if  and  only  if  F  is  bounded. 

There  is  an  analogue  of  theorem  (4.1.1)  in  Rn,  n  >  2,  but  we  will  be  content  with 
n  =  2  as  it  suffices  for  our  needs.  Let  (t,  u)  G  R2.  We  denote  by  S(t,u)  the  set 


4.1    Distributions  in  R2  and  Non-Cartesian  Product  measures 


Vi(a,b]  =  F(b)-F(a). 


(4.1) 


S(t,u)  =  {(r,s)  E  R2|r  <t,s  <u}. 


(4.2) 


Thus  S(t,u)  consists  of  points  "Southwest"  of  (t,  u).  Recall  that  the  Borel  cr-field  S(R2) 
is  generated  by  bounded  rectangles  of  the  form 


D  =  (aubi\  x  (02,62]- 


(4.3) 


We  can  write  the  set  D  in  terms  of  the  sets  S(ttU)  in  (4.2)  as  follows: 


D  =  S(bi,b2)  ~  [S(auh)  U  S(6i,aa)]. 


(4.4) 
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It  follows  that  the  class  of  sets  in  (4.2)  generate  B(R2).  Now  suppose  that  \i  is  a  finite 
measure  on  B(R2).  In  analogy  with  the  one-dimensional  case  define  a  real  function 
F  :  R2  — >  R  by 

F(<,u)  =  M%«)).  (4-5) 
Then  for  a  set  D  of  the  form  in  (4.3)  we  easily  obtain  the  equality  below: 

fi{D)  =  ADF,  (4.6) 

where 

ADF  =  F(bu  b2)  +  F(au  a2)  -  F{bua2)  -  F(aub2).  (4.7) 

The  <r-additivity  of  the  measure  fi  implies  the  following: 
For  any  pair  of  sequences  tn  4- 1  and  un  \.  u  we  have 

F(t„,un)— ►  F(t,u)  (4-8) 

We  call  any  real  function  F  on  R2  right  continuous  if  it  satisfies  (4.8).  We  are 
now  ready  to  state  our  desired  theorem. 

THEOREM  (4.1.2)  (2,  page  177).  Suppose  that  the  real  function  F  on  R2  is  right 
continuous  and  satisfies  AdF  >  0  for  bounded  rectangles  D.  Then  there  exists  a 
unique  measure  y,  on  B(R2)  with  values  in  R+  satisfying  (4.6)  for  bounded  rectangles 
D.  The  measure  \i  is  finite  if  and  only  if  F  is  bounded. 

The  results  in  the  next  subsection  will  play  a  major  role  in  proving  the  existence 
of  the  positive  cr-additive  measure  in  theorem  (4.2.8). 
Non-Cartesian  Product  Measures. 

The  following  lemma  is  taken  from  Rao  [44]  (page  335,  exercise  2).  The  informed 
reader  will  be  aware  that  this  lemma  is  the  basis  for  defining  'transition'  probabilities 
in  probability  theory. 

LEMMA  (4.1.3).  Suppose  (f2,,  E,),  t  =  1,2  are  a  pair  of  measurable  spaces,  and 
/ii  :  Si  — >  R+  is  a  measure.  Let  fi2  :  £2  x  ^i  — ►  R+  be  a  mapping  such  that  (i) 
fai'i  Wi)  is  a  measure  on  £2,  w  1  G  fii  and  (ii)  n2{A,  •)  is  measurable  on  fli  relative  to 
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Si,  for  each  A  €  S2.  Let  5  =  Si  x  S2  be  the  semi-algebra  of  measurable  rectangles 
on  fli  x  fl2  and  let  a  :  S  — >  R+  be  defined  as 


a(A  x  5)  =  /  ^{B.wij^dwi),  AxBeS. 

J  A 


(4.9) 


Then  a(-)  is  cr-additive  on  S. 

The  gist  of  the  next  remark  is  that  the  outer  measure  fi*  generated  by  a  is  a  a- 
additive  measure  on  Si  ®  S2.  The  remark  provides  a  rough  sketch  of  this  fact.  This 
remark  may  be  omitted  by  the  reader  who  does  not  want  to  be  drowned  in  details. 
Remark  (4.1.4).  Let  \i*  :  S  — >  R+  denote  the  set  function  below. 


H*(A  x  B)  =  inf  {  £  a(Ai  x        A  C  \J  Au   B  C  |J 
i=i  i=i  t=i 

A,-  G  Si,      Bi  €  S2 


(4.10) 


By  the  theorem  of  C.  Caratheodary  and  E.  Hopf  44,  theorem  10,  page  41)  the  set 
function  /j,*  is  an  outer  measure.  Let  M.^  denote  the  fi*  measurable  sets  on  fii  x  f22. 
Since  a  is  countably  additive  on  <S,  we  have:  (i)  S  C  M.^  and  (ii)  \i*\s  =  a  (this  is 
by  part  (iii)  of  the  theorem  just  mentioned). 

Since  /i*  is  an  outer  measure  (on  the  power  set  of  fli  x  fl2)  Caratheodary's  theorem 
(44,  theorem  9,  page  37)  implies  that  (i)  M.^  is  a  <r-algebra  and  (ii)  is  a 

measure.  Next,  as  S  C  we  conclude  that  Si  ®  S2  C  M^*.  Thus  ^*|El(giE2  is  a 

(j-additive  measure  and  fi* \s  =  a. 

LEMMA  (4.1.5).  Continuing  with  the  same  notation  in  lemma  (4.1.3)  and  remark 
(4.1.4),  put  /z  =  /x*|E1(gE2-  Then  if  /  :  (fli  x  fi2,Si  ®  S2)  — V  R  is  measurable  and 
//-integrable  we  have  by  a  Fubini-Stone  theorem  for  non-cartesian  product  measures 
(see  Rao  [44],  exercise  3,  page  335)  the  following  equality. 

/  fdfi=  /      /   f(wi,w2)fi2(dw2,wi)  ^  (dwi).  (4.11) 
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In  particular,  for  C  €  Si  ®  S2  with  n(C)  <  00  we  have 

~  la  [X2  lc(u;i'w,2^2^u,2'u;i^]     (dm)-  (4-12) 

4.2    Summability  of  Orthogonal  Martingale  Measures 

The  orthogonal  martingale  measures  (chapter  2,  section  1)  that  we  consider  in 
this  section  will  be  Hilbert  valued.  Thus  E  (see  chapter  2,  section  1)  will  now  denote  a 
Hilbert  space.  For  the  remainder  of  this  chapter  we  shall  assume  that  our  orthogonal 
martingale  measures  are  zero  at  zero  (that  is,  M0(B)  =  0,  V  B  €  S(R)).  In  what 
follows  we  will  devote  our  attention  only  to  ^-valued  orthogonal  martingale  measures 
M  which  satisfy  the  following  condition: 

sup  E[(M(fl))oo]  <  00.  (4.13) 
BeBQK) 

We  recall  for  the  reader  that  for  each  B  e  B(R)  the  sharp  bracket  (M(B))  oo  is  finite 
almost  surely.  Let  us  indicate  why  this  is  true.  We  know  that  the  process  (Mt(B))t>o 
is  a  square  integrable  martingale  and  hence  is  right  closed  by  a  square  integrable 
random  variable  which  we  call  M^B).  That  is,  for  each  t  >  0  we  have  Mt(B)  — 
E{M00{B)\7t)-  Observe  that  for  each  t  >  0,  the  set  function  Mt(-)  :  B(R)  — ►  L% 
is  a  cr-additive  measure.  This,  together  with  the  fact  that  Mt(B)  — >  M^B)  in 
L\  for  each  B  €  #(R),  allows  us  to  conclude  [via  an  application  of  the  generalized 
Nikodym  theorem  (theorem  6  [18],  page  321)  that  M^-)  :  B(R)  — >  L\  is  a  a- 
additive  measure.  Now  fast  forwarding  to  the  computation  in  (4.72)  we  have 

E[lA(\Mt2(B)\l  -  \Mh(B)\l)}  =  E[lA((M(B))t2  -  (M(B))tl)}  (4.14) 

where  A  €  Ttx  ■  Then,  in  particular,  setting  t2  =  00,  ti  =  0  and  A  =  we  conclude 
that  (M(5))oo  <  00  a.s. 

The  condition  in  (4.13)  is  of  importance  because  it  allows  us  to  obtain  the  positive 
cr-additive  measure  in  theorem  (4.2.8),  which,  in  turn,  yields  the  2-summability  of 
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orthogonal  martingale  measures.  We  remark,  however,  that  this  result  may  also  be 
obtained  if,  instead  of  (4.13),  we  replace  the  <r-algebra  Voo®B(R)  (in  theorem  (4.2.8)) 
by  Voo  ®  B(K),  where  K  is  any  compact  subset  of  R. 

The  next  series  of  results  concerning  orthogonal  martingale  measures  are  prepara- 
tory for  the  main  theorem  of  this  section  (theorem  (4.2.8)) 

LEMMA  (4.2.1).  Let  {Mt(B),  (Ft)t>q,  B  £  5(R)}  be  an  £-valued  orthogonal  mar- 
tingale measure  which  satisfies  (4.13).  Then  the  set  function  \i  :  B(R)  — ►  [0,+oo] 
defined  by 

(i(B)  =  E[(M(B)U  (4-15) 
is  a  finite  cr-additive,  positive  measure. 

Proof.  Recall  that  (chapter  2,  section  1)  M<(-)  :  B(R)  — >  L\  is  a  cr-additive  measure. 
Thus  for  Bi,B2  G  B(R),  disjoint,  we  have 

E[(Mt(Bl  U  52))2]   =  llM^UBjOllLi 

=   \\Mt(Bl)  +  Mt(B2)\\l%  (4i6) 

=   \\Mt(Bi)\\hB  +  \\Mt(B2)\\hm 
=   E[(Mt(5x))2]  +  E[(Mt(B2)n 

The  third  equality  in  (4.16)  follows  from  the  orthogonality  of  M.  Next,  since  M  is  a 
square  integrable  martingale  we  have 

E[(Mt(Bi  U  B2))2]   =   E[(M(Bi  U  B2))t], 
EmiBJf)  =  E[(M(Bi))t], 

(4.17) 

and 

E[(Mt(B2)f]  =  E[(M(B2))t}. 

Combining  (4.16)  and  (4.17)  we  obtain 

E[(M(B1  U  B2))t]  =  E[(M(Bi))t]  +  E[(M(B2))t}.  (4.18) 

Replacing  t  by  oo  in  (4.18)  we  have 

n(B1\JB2)  =  fx(Bl)+fi(B2).  (4.19) 
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Hence  \x  is  finitely  additive.  Now  let  (Bn)™=1  be  a  sequence  of  sets  in  B(R)  with 
Bn  I  0.  Then 

n{Bn)  =  E[(M(Bn))<x>]  =  £[(Moo(i?n))2]  — +  0  as  n  — >  oo 

since  M<x,(-)  is  an  Z/|  measure.  It  follows  that  /i  is  a  countably  additive  measure. 
Finally,  the  condition  in  (4.13)  implies  that  n  is  finite.  This  completes  the  proof  of 
the  lemma.  B 
LEMMA  (4.2.2).  Let  {Mt(B),  (^)*>o,  5  €  B(R)}  be  an  £-valued  orthogonal  mar- 
tingale measure  which  satisfies  (4.13).  Let  F  :  R+  x  ft  x  R  — >  R+  denote  the  random 
function 

Ft(x)(w)  =  (M(-oo,  x])t(w)  (4.20) 

where  t  6  R+,  weft  and  x  £  R.  Then  for  any  bounded  rectangle  D  of  the  form 
D  =  (ti,t2]  x  (xi,x2],  0  <  <i  <  t2  <  +oo;  x1?a:2  £  R  and  xx  <  z2,  we  have 

AdF(io)  >  0  w.a.s.  (4.21) 

Proof.  Since  for  each  <  >  0,  Mt(-)  is  a  valued  cr-additive  measure  it  follows  from 
(4.17)  that  (M(-))(  is  a  LlE  valued  cr-additive  measure.  Hence  for  Bi,  B2  €  B(R), 
disjoint,  we  have 

{M{BlUB2))t  =  {M(Bl)  +  M{B2))t  tu.a.s.,  (4.22) 

the  null  set  depends  on  B\,  B2  and  t.  However,  the  dependence  on  t  can  be  removed 
by  invoking  the  right  continuity  of  the  sharp  bracket.  By  the  orthogonality  of  M  we 
obtain 

(M(fix)  +  M(B2))t  =  (M(50)t  +  {M(B2))t  w.a.s,  (4.23) 

the  null  set  depending  on  Bi,B2. 
Hence,  we  have 

(M(B,  U  B2))t(w)  =  (M(51)>tH  +  (M(B2))4H, 

(4.24) 

w£NBub2,   where  P(NBub2)  =  0. 


Before  establishing  (4.21)  we  need  to  record  the  following  fact.  Let  A,  B  €  B(R)  with 
AC  B,  then 

(M(A))t(w)  <  (M(B))t(w),  w?NB 

(4.25) 

with  P(NB)  =  0. 

For,  write  B  as  B  =  A\J(B\A).  Then  (M{B))t  =  (M(A\J(B\A)))t  =  {M(A))t  + 
{M(B\A)  >t,  where  the  second  equality  holds  outside  a  null  set  NB  by  (4.24).  Since 
the  sharp  bracket  is  zero  at  0  and  increasing  in  the  index  t,  the  inequality  in  (4.25) 
follows.  We  are  now  in  a  position  to  demonstrate  (4.21).  For  t\  <  t2,  we  have 

(M(xux2])ti(w)  <  (M(xux2])t2(w),  V  w  €  ft.  (4.26) 

Using  the  almost  sure  additivity  of  the  sharp  bracket  in  (4.24),  we  may  rewrite  (4.26) 
as 

(M(-oo,x2])tl(w)  -  (M(-oo,a:1])tl(u;)  < 

<  <M(-oo,x2])t2H  -  (M)(-oo,x1])(2H,  (4.27) 

for  w  g  NXuX2,  with  F(iV:El)X2)  =  0. 

That  is, 

Ftl(x3)(w)  -  F^x^w)  <  Ft2(x2)(w)  -  F,2(xx)H,  w    NXuX2.  (4.28) 

Or,  rearranging  (4.28)  we  have 

Ft2(x2)(w)  +  Ftl(Xl)(w)  -  Ftl(x2)(w)  -  Ft2(Xl)(w)  >  0 

for  w     NXlfX2.  This  means  that 

ADF(w)  >  0,   w     NXUX2  =  ND. 

This  completes  the  proof  of  the  lemma.  ■ 
REMARK  (4.2.3).  The  random  function  Ft(x)(w)  is  right  continuous  in  t  (for  each 
x  and  w  fixed)  because  it  is  defined  by  a  sharp  bracket.  However,  F  may  not  be 
right  continuous  in  x.  What  we  intend  to  do  in  the  next  proposition  is  to  introduce 
a  version  of  F,  which,  for  almost  all  w,  will  be  a  distribution  function  in  t  and  x. 
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We  will  then  be  able  to  obtain  a  unique  measure  corresponding  to  this  distribution 
function  by  virtue  of  theorem  (4.1.2). 

Proposition  (4.2.4).  Let  {Mt(5),  (Ft)t>o,  B  £  B(R)}  be  an  ^-valued  orthogonal 
martingale  measure  which  satisfies  (4.13).  Then  corresponding  to  the  random  func- 
tion Ft(x)(w)  in  lemma  (4.2.2)  there  is  a  random  function  H  :  R+  x  ft  x  R  — >  R 
such  that 

(i)  Ht(x)(w)  is  right  continuous  in  (t,x)  for  each  w  £  ft. 

(ii)  P(Ht(x)  =  Ft(x),  Vi)  =  l. 

(iii)  There  is  a  single  null  set  TV  such  that  for  any  bounded  rectangle  D  =  (£1,^2]  x 
(xi,  £2]  we  have 

ADH(w)  >  0,   w  £  N. 

Proof.  Let  Q  denote  the  set  of  rationals.  By  virtue  of  (4.25)  and  the  fact  that  F  is 
increasing  and  right  continuous  in  t,  we  deduce  that  Ft(x)(w)  is  increasing  in  (t,x)  £ 
R+  x  Q  outside  of  a  negligible  set  N.  Define  now  a  function  G  :  R+  x  ft  x  Q  — >■  [0,  +00] 
as  follows: 

'  Ft(x)(w),  w<£N 


Gt(x)(w) 


(4.29) 

0,  w  e  N. 


Then  G  is  increasing  in  (t,x)  £  R+  x  Q  everywhere.  Let  the  function  H  :  R+  x  ft  x 
R  — >  [0,  +00]  be  defined  by 

Ht(x)(w)    =    tiYim^Gt,(r)(w).  (4.30) 

It  is  clear  that  H  is  0  on  TV.  We  claim  that  H  is  right  continuous  in  (£,x),  for  each 
w  fixed.  Let  (t,x)  £  R+  x  R  and  let  tn  \  t,  xn  \  x.  Then  we  may  obtain  sequences 
(t'n)  and  (x'n)  with  t'n,  x'n  £  Q  and  t'n  \.t,x'n\.x  with  t'n  >  tn,  x'n  >  xn.  We  have 


Gt.n(x'n)(w)  >  Htn(xn)(w)  >  Ht(x)(w),  Vweft. 


(4.31) 
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The  inequalities  in  (4.31)  follow  directly  from  definitions.  Taking  limits  as  n  — y  oo 
in  (4.31)  we  obtain 

Ht(x)(w)  =  Jm.Gtj.O'OM  >        #*.(*.)(«»)  >  Ht(x)(w).  (4.32) 
It  follows  from  (4.32)  that 

J^0H*nM(u))  =  Ht(x)(w)t  VweSl.  (4.33) 

Remember,  (4.32)  is  valid  V  w  G  SI.  This  proves  statement  (i)  of  the  theorem.  We 
now  prove  statement  (ii).  Let  (t,x)  €  R+  x  R.  Then  for  any  t'  >  t  and  r  >  x  with 
r  €  Q  we  have 

Ft(x)(u;)  <  Ft,(r)(ti>),   w  #  Nx,  (4.34) 

where  the  negligible  set,  A^,  depends  on  x.  Note  that  in  (4.34)  Ft.(r)(w)  =  G't(r)(w) 
as  r  €  Q  and  u;  $  Nx.  Let  r  \  x  through  the  rationals  and  let  t'  \  t,  then  take 
limits  in  (4.34)  to  obtain 

Ft(x)(w)  <  Ht(x)(w),  w?Nx.  (4.35) 
Multiplying  both  sides  of  (4.35)  by  1^,  A  e  T,  and  taking  expectations  we  have 

E[lAFt(x)]  <  E[lAHt(x)],Vt  6  R.  (4.36) 

We  next  prove  the  reverse  inequality  in  (4.36).  Let  (fn)  and  (xn)  be  sequences  in  Q 
such  that  tn  \  t  and  xn\x.  We  have 

UHt{x)  <  lAFtn(xn)  =  lA[Ftn(x)  +  Ftn(xn)  -  Ftn(x)}.  <4.37) 

The  inequality  in  (4.37)  is  valid  outside  the  negligible  set  N  (see  (4.29)).  Taking 
expectations  in  (4.37)  we  have 

E{lAHt(x)]  <  E[lAFtn(x)]  +  E[(M)(x,xn])tn] 

<   ^^Wj  +  Bplx,^]  (4.38) 
=  E[lAFtn(x)]+fi(Xuxn]), 
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where  fx  is  as  in  (4.15).  Let  n  — >  oo.  Then,  ^((x,  xn])  — >  0  as  ^  is  a  a-additive  mea- 
sure (by  lemma  (4.2.1))  and  £[UFt„(x)]  — *  Ffl^x)]  by  monotone  convergence 
(as  Ft„(x)(u;)  \  Ft(x)(u;),  for  each  w  €  ft).  Hence,  from  (4.38),  we  obtain 

E[lAHt{x)\  <  E[lAFt(x))  V<  €  R.  (4.39) 
Combining  (4.36)  and  (4.39)  we  have 

E[lA(Ht(x)  -  Ft(x))]  =  0,   V  t  e  R,  V  A  e  F.  (4.40) 
It  follows  that  for  (t,  x)  e  R+  x  R  we  have 

#t(x)  =  Ft(x)  w.a.s  (4.41) 

Infact  by  the  right  continuity  of  F  (and  of  H)  with  respect  to  the  index  r  there  is  a 
single  null  set,  say  V,  such  that 

Ht(x)(w)  =  Ft(x)(w)  VteR,wgV.  (4.42) 
Rewriting  (4.42)  we  have 

P(Ht(x)  =  Ft(x),  Vt  6R)  =  1.  (4.43) 

This  proves  (ii)  of  the  theorem.  It  remains  to  prove  the  statement  in  (iii).  We  can 
infact  do  better  than  (4.42).  Since  the  rationals  are  countable,  we  can  find  a  single 
null  set,  say  V,  such  that 

Ht(x)(w)  =  Ft(x)(w),  V  t  €  R,  V  x  €  Q,  w  £  V.  (4.44) 

Denote  by  N  the  negligible  set  TV  =  Ux„x26Q,  Xl<X2  NXuX„  where  the  negligible  sets 
NXliX2  are  given  in  (4.27).  Then  if  D  is  any  bounded  rectangle  of  the  form  D  = 
(<i,<2]  x  (x!,x2]  with  X!,x2  G  Q  and  tut2  e  R  we  have  by  (4.44)  that 

ADH(w)  =  ADF(w),  w$V.  (4.45) 
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From  (4.21)  (of  lemma  (4.2.2))  we  have 


ADF(w)  >  0,   w  &  N 


(4.46) 


Denote  by  N  the  negligible  set  N  =  N  U  V.  Combining  (4.45)  and  (4.46)  (and 
keeping  (4.44)  in  mind)  we  deduce  that 


ADH(w)  >  0,  V  D  =  (tut2]  x  (xux2]  with  xux2  €  Q 
and  w  £  N. 


(4.47) 


Now  let  D  be  an  arbitrary  bounded  rectangle,  D  =  (ti,t2]  x  (xi,x2],  ti,t2  G  R+  and 
xi,x2  €  R.  We  may  approximate  D  from  above  by  a  sequence  of  rectangles  Dn  of  the 
form  Dn  =  (t?,t2]  x  (xj,aj£],  where  ij,<5,xj,a?5  €  Q  and  \  tu  fj  \  «2,  xj  \  xx 
and  arj  \  x2  (see  the  picture  below). 


(<1,*2)  £ 


(^2,  ^2  ) 


(<2,  X" ) 


(<1,XX) 


(<2,Xl) 


For  each  n,  we  have  ACni/(u;)  >  0,  w  £  iV  (by  (4.47)).  Then  use  the  right 
continuity  of  H  (statement  (i))  to  conclude  that 


ADH(w)  >  0  w  $  N. 


(4.48) 


Observe  that  in  (4.48)  the  same  negligible  set,  N,  works  for  all  D.  This  completes 
the  proof  of  the  proposition.  ■ 
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Now  that  we  have  a  distribution  H  which  satisfies  (iii)  in  proposition  (4.2.4),  we 
may  obtain  (via  theorem  (4.1.2)  a  family  of  measures  {i]w}wen,  each  -qw  corresponding 
to  H.(-)(w).  This  together  with  lemma  (4.1.5)  will  provide  us  with  the  existence  of 
a  finite  positive  measure  on  ®  #(R),  which  we  will  use  in  the  proof  our  main 
theorem  (theorem  (4.2.8))  to  deduce  that  Im  can  be  extended  to  a  er-additive  measure 
on  Voo  0B(R). 

Lemma  (4.2.5).  Let  the  sets  D  and  N  be  as  in  proposition  (4.2.4).  Then  corre- 
sponding to  the  random  function  H  in  proposition  (4.2.4)  we  have  the  following: 

(a)  There  exists  a  family  (i]w)w&[i  of  positive  measures  on  #(R+  x  R)  =  #(R+)  ® 
such  that  for  each  w  6  (N)c  the  equality  below  holds 


r]w(D)  =  ADH(w).  (4.49) 

and 

(b)  There  is  a  positive  and  finite  cr-additive  measure  (3  :  #(R+)  ®  B(R)  — >■  R+ 
given  by 


0(C)  =  I    I  lc{t,w,x)Vw(dt,dx) 


P{dw) 

(4.50) 


/R+ 

for  C  6  B(R+)  <g>  T  ®  B(R). 
In  particular,  on  a  cube  in  V,  (generating  Voo  ®B(R))  of  the  form  (^1,^2]  ~x  Ax 
(xi,x2]  with  A  €  ^Ftn  we  may  write  /3  as 

(3{{tut2)x  Ax{xux2\)   =    [  rjw(D)P(dw) 

(4.51) 

=  E[lAti(D)] 

where  D  =       ^2]  x  (xi,x2]. 

Proof,  (a).  For  w  G  (A^)c  we  apply  theorem  (4.1.2)  as  H  satisfies  (i)  and  (iii)  in 
proposition  (4.2.4).  This  gives  (4.49).  For  w  €  N  simply  put  tjw  =  0,  the  trivial 
measure.  This  proves  (a). 
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(b).  Observe  that  for  each  bounded  rectangle  D  of  the  form  D  =  (ti,t2]  x  (xx  x  x2], 


This  follows  at  once  from  the  equality  in  (4.49)  and  the  fact  that  H  is  predictable, 
hence  Ht(x)(-)  is  ^"-measurable  for  each  t  €  R+  and  x  €  R  fixed.  It  follows  that 
for  any  set  C  in  B(R+  x  R)  =  B(R+)  ®  B(R)  the  function  77(C)  is  ^"-measurable. 
Hence  we  may  apply  lemma  (4.1.3)  (note  that  t]w(-)  and  P  correspond  to  fi2(-,w) 
and  in  that  lemma)  and  lemma  (4.1.5)  to  obtain  a  cr-additive  measure  3  :  T  <8> 
(£(R+)  ®  B(R))  — ►  R+,  which  is  given  by  (4.50)  ((4.50)  is  obtained  from  (4.12)). 
The  statement  in  (4.51)  then  follows  directly.  At  this  juncture  let  us  indicate  that, 
Poo  ®  B(R)  C  B(R+)  (8)  B(R)  =  £(R+)  ®F®  B(R)  and  hence  it  is  still  true  that 
the  restriction  of  (3  to  Voo  ®  #(R),  that  is  P\vx®B(M) »  is  a  c-additive  measure. 

Finally,  we  need  to  show  that  /3  is  finite.  That  is,  show  that  /?(R+  x  fi  x  R)  is 
finite.  First  consider  a  set  of  the  form  (0,  A7]  x  fl  x  (— N,  N].  We  shall  show  that 
3((0,N]  x  1)  x  (—N,N])  is  bounded  by  the  same  constant  for  all  N.  Then  letting 
N  — >  oo  and  using  the  <r-additivity  of  3  we  will  be  able  to  deduce  that  3  is  finite. 
From  (4.50)  we  have 


where  ti,t2  €  R+  and  xl,x2  €  R,  the  function  rj(D)  :  fi 


R+  is  ^"-measurable. 


3({0,N]  xflx  (-N,  N]) 


(4.52) 


=  E[Vw((0,N]x(-N,N}}. 


From  (4.49)  we  have 


rjw((0,  N]  x  (-N,  N])  =  A{0tNM_NtN]H(w)  V  w  G  ft. 


(4.53) 


Note  that  both  sides  of  (4.53)  will  be  zero  if  w  G  N.  However,  from  (ii)  of  proposition 
(4.2.4)  we  know  that 


A(0,N]x(-N,N]H  —  A(o,N]x(-N.N]F  Itf.a.S. 


(4.54) 
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Using  the  definition  of  F  (see  (4.20))  we  have 

^X(WN  =  (M(-X,  N])N(w)  -  {M(-N,  N])0(w).  (4.55) 

Since  M  is  zero  at  zero  (see  the  beginning  of  this  section),  it  follows  that  the  sharp 
bracket  is  also  zero  at  zero  (for,  we  have  E[\Mt(B)\2E  -  (M(B))t]  =  0,  V  B  G  B(R)). 
Hence  (4.55)  reduces  to 

A{0<NM_N<N]F{w)  =  (M(-N,  N])N(w).  (4.56) 

Taking  expectations  in  (4.53)  and  using  (4.54)  and  (4.56)  we  have 


E[Vw((0,-N]x(-N,N})   =  E[(M(-N,N])N] 

<  E[(M(-N,  N])^] 

<  n{R)<c 


(4.57) 


In  (4.57)  /i  is  the  finite  measure  from  lemma  (4.2.1)  and  c  is  a  (finite)  constant. 
Returning  to  (4.52)  it  follows  that 

P{(0,N]  x  VI  x  {-N,N})  <  c,  V  N.  M 

It  follows  that  (3  is  a  finite  measure.  This  completes  the  proof  of  the  lemma. 
REMARK  (4.2.6).  The  finiteness  of  the  measure  /3  will  play  an  important  role  in 
allowing  us  to  extend  Im  from  11  to  Voo  <8>  B(R)  <7-additively  (see  proposition  (4.2.7) 
and  theorem  (4.2.8)). 

The  next  proposition  deals  with  the  extension  of  a  Banach  valued  measure  from 
a  ring  to  the  <7-algebra  that  is  generated  by  the  ring.  We  state  it  in  the  particular 
form  that  we  require  for  the  proof  of  the  theorem  (4.2.8).  Although  this  proposition 
is  similar  in  spirit  to  theorem  1  of  Dinculeanu  [12]  (page  62)  it  does  differ  from  this 
theorem  by  way  of  an  important  hypothesis.  Thus  a  partially  new  proof  is  required 
(see  step  (f)  in  the  proof  of  the  proposition). 
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PROPOSITION  (4.2.7).  Let  (X,  S)  be  a  measure  space,  Y  a  Banach  space,  1Z  a  ring 
generating  £  and  a  :  1Z  — ►  Y  an  additive  set  function.  Let  /?  :  £  — >  [0,  oo)  be  a 
finite  (positive)  cr-additive  measure  for  which  we  have 

a  «  /3  on  1Z  (e-8  form).  (4.58) 

Then  a  can  be  extended  to  a  cr-additive  measure,  Qi,  on  £  and  we  have  ai  «  /3  on 
II  (e-8  form). 

Proof.  In  order  to  carry  out  this  extension  we  will  need  to  appeal  to  a  familiar  method 
of  converting  a  measure  space  into  a  metric  space  (see  Dinculeanu  [12],  pages  60-63, 
or  Rao  [43,  44]).  We  provide  the  extension  in  several  steps. 

(a)  .  Define  a  finite  semi-distance  g  on  S  by  the  equality  g(A,  B)  =  /3(AAB)  for 
A,  B  €  S.  In  fact,  we  can  show  that  (£,  g)  is  a  complete  semimetric  space.  Then, 
if  we  consider  the  quotient  space  S  =  E/iV,  where  N  is  the  ring  of  /?-null  sets,  the 
function  g  :  E  x  S  — >  [0,  oo)  defined  by 

e([A},[B})  =  g(A,B);  [A],[B)eZ 

is  a  metric  and  (S,  g)  is  a  complete  metric  space. 

(b)  .  We  claim  that  the  additive  set  function  a  :  1Z  — >  Y  is  uniformly  continuous  on 
TZ  (with  respect  to  g).  For  let  e  >  0  be  given.  Then  by  (4.58)  we  know  that  there 
exists  a  5  >  0  such  that  for  D  €  TZ  we  have 

If  /3(D)  <  5  then  \a(D)\Y  <  e/2.  (4.59) 

Now  let  A,BeTZ  such  that  e(A,  B)  <  8.  We  have 

\a(A)-a(B)\Y   =    \a(A  -  B)  -  a(B  -  A)\Y 

<  \a(A  -  B)\Y  +  \a(B  -  A)\Y  (4.60) 

<  e/2  +  e/2  =  e 

Let  us  comment  on  the  last  inequality  in  (4.60).  Since  A  —  B  C  AAB,  we  have 
0(A  -  B)<  P(AAB)  =  g(A,  B)  <  8  and  hence  a(A  -  B)  <  e/2.  Likewise  we  have 
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a(B  —  A)  <  e/2.  This  proves  that  a  is  uniformly  continuous  (with  respect  to  g)  on 
R. 

(c)  .  The  ring  7Z  (which  generates  the  <r-algebra  E)  is  dense  in  E  for  the  metric  g. 
This  statement  is  nothing  really  new  for  it  is  just  a  restatement  of  a  standard  fact  in 
measure  theory  (see,  for  example,  proposition  2.16  (iii),  page  50,  Rao  [44])  which  we 
give  below: 

An  element  A  is  in  E  iff  given  e  >  0  there  exists  an  element  A£  £  71  such  that 
(3(AAAe)  <  e. 

That  is  g(A,Ae)  <  e.  This  proves  step  (c). 

(d)  .  Since  a  is  uniformly  continuous  on  TZ  (step  (b)),  which  is  dense  in  S  (step  (c)), 
it,  that  is  a,  can  be  extended  to  a  uniformly  continuous  function      :  S  — >  Y. 

(e)  .  The  extension  on  is  additive.  The  proof  of  this  step  is  in  Dinculeanu  [12]  (page 
62).  We  reproduce  it  here  as  it  is  brief.  It  is  shown  there  that  the  operations  C  U  D 
and  C  —  D  are  uniformly  continuous  (for  g).  Thus  let  A  and  B  be  two  disjoint  sets 
in  E.  Let  (An)  and  (Bn)  be  two  sequences  of  sets  in  71  such  that  g(An,  A)  — y  0 
and  g(Bn,  B)  — ►  0.  Then  g(An  U  Bn,A  U  B)  — ►  0  and  g(An  —  Bn,A  —  B)  — >  0. 
However,  as  A  D  B  =  0,  the  last  convergence  is  g(An  —  Bn,A)  — v  0.  Since  a  is 
additive  on  7£,  we  have 

a(An  U  Bn)  =  a((An  -  Bn)  U  Bn)  =  a(An  -  Bn)  +  a(Bn)  (4.61) 

as  (An  —  Bn)  and  Bn  are  disjoint.  Taking  limits  (4.61)  becomes 

al{ADB)  =  a1(A)  +  a1(B). 

This  proves  step  (e). 

(f)  .  The  finitely  additive  set  function  Qi  is  absolutely  continuous  with  respect  to  (3 
on  E  (e  —  S  form).  For  the  proof  of  this  step  let  e  >  0  be  given  and  use  the  fact  that 
a  «  0  on  71  (see  (4.58))  to  find  a  6  >  0  such  that 

(3(A)  <6^  \a(A)\Y  <  e/2  for  A  €  71.  (4.62) 
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We  now  show  that  Qi  <<  (3  on  E.  Let  C  e  S  be  such  that  (3(C)  <  8  <  0.  We 
claim  that  this  number  8  suffices  for  the  e  —  8  absolute  continuity  of  ai  with  respect 
to  (3.  From  part  (c)  there  exists  a  sequence  (C„)  in  TZ.  such  that  g(Cn,C)  — >  0  as 
n  — >  oo.  Now  let  tj  >  0  be  any  number  such  that  tj  <  0  —  8.  Then  there  exists  a 
number  N\  such  that  V  n  >  N\  we  have 

/9(CnAC)  =  ff(Cn,C)<»?.  (4.63) 

Since  g(Cn,C)  — ►  0  the  continuity  of  ct\  implies  that  |a1(Cn)  —  &\(C)\y  — ►  0  as 
n  — >  oo.  Thus,  choose  a  number  A^2  such  that 

MC«)-«i(C)|y  <e/2,  Vn>iV2.  (4.64) 
Let  us  quickly  observe  that,  for  n  >  A/j,  we  have 

/?(Cn)  =  /?((C„  -  C)U(Cn  n  C)) 

<  /3(Cn-C)  +  /?(C„nC) 

<  /?(CnAC) +  /?(<?)<  7/ +  £<0. 

Hence  by  (4.62)  we  obtain 

\al(Cn)\Y  =  \a(Cn)\Y<e/2,  V  n  >  Nt.  (4.65) 

Finally,  we  have 

MC)\Y  <  IctiW-cniCJW  +  MCJW 

<   e/2  +  e/2  =  e  V  n  >  max(A/1,  AT2). 
We  used  (4.64)  and  (4.65)  for  (4.66).  This  proves  that  at  «  (3  on  Z  (e  -  8  form). 
(9)  It  follows  from  step  (f)  that  ai  is  countably  additive  on  S. 

This  completes  the  proof  of  the  proposition.  ■ 
We  are  now  in  a  position  to  state  and  prove  the  main  theorem  of  this  section.  It 
is  our  much  awaited  result  concerning  the  2-summability  of  orthogonal  martingale 
measures. 

THEOREM  (4.2.8).  Let  {Mt(B)\  (^)t>0,  B  €  B(R)}  be  an  E-valued  orthogonal 
martingale  measure  which  satisfies  (4.13).  Then  we  have  the  following. 


(4.66) 
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(i)  There  is  a  positive  (and  finite)  cr-additive  measure  j3  :  Voo  ®  B(R)  — >  [0,  oo), 
which  on  a  cube  in  71  of  the  form  (s,  t]  x  A  x  (x;  y]  with  A  £  Ta  is  given  by 

0((s,t]  xAx  (x,y])  =  E[lA((M(x,y])t  -  (M(x,y])g))  (4.67) 

(ii)  The  finitely  additive  stochastic  measure  Im  '•  H  — ►  L%  is  absolutely  continuous 
with  respect  to  /?  on  71  (e  —  8  form).  In  fact  we  have 

\\Im(C)\\L2b  =  Jp[C)  for  Cell  (4.68) 

(iii)  Im  can  be  extended  to  a  <r-additive  measure  on  Voo  ®  B(15l)  with  bounded 
semivariation  relative  to  (K,L^)  given  by 

(Im)r,li(D)  =  \\Im(D)\\L2b  for  D  (E  Voo  ®  B(R)  (4.69) 

Proof.  The  existence  of  the  measure  /3  was  demonstrated  in  lemma  (4.2.5)  (which 
was  proved  under  the  hypothesis  of  proposition  (4.2.4)).  Thus  in  order  to  establish 
(i)  it  remains  to  check  (4.67).  By  virtue  of  (4.51)  and  (4.49)  in  lemma  (4.2.5)  we  have 

P((s,t]  xAx  (x,r/])  =  E[lAr)(D)]  =  E[1AADH] 

=  E[1AADF]  =  E[lA(Ft(y)  +  F,(x)  -  Ft(x)  -  F.(y))]  (4.70) 

=  E[lA((M(x,y))t-(M(xyy]).] 

The  third  equality  in  (4.70)  is  by  part  (ii)  of  proposition  (4.2.4)  note  that  the  null 

set  in  that  proposition  plays  no  role  as  we  are  taking  expectations.  The  last  step  is 
by  lemma  (4.2.2)-  -again,  null  sets  do  not  count.  This  proves  statement  (i)  of  the 
theorem. 

Next  we  prove  statement  (ii).  To  do  this  we  need  only  establish  (4.68).  Recall 
that  TZ  is  the  finite  (disjoint)  union  of  cubes  of  the  form:  (a)  (5,  t]x  Ax  (x,  y],  A  €  T, 
and  (b)  [0^]  x  (x,  y],  A  6  T0.  We  will  first  show  that  (4.68)  holds  for  a  single  cube  and 
then  that  it  also  holds  for  a  disjoint  union  of  cubes  in  71.  At  this  juncture  we  remind 
the  reader  that  Im  is  a  I?E- valued  finitely  additive  measure  (see  lemma  (1.3.3)  and 
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section  2,  chapter  2).  Now  consider  a  cube  [0A]  x  (x,  y}.  Then  ||/m([0a]  x  (z5  J/]||l|  —  0 
(use  no.  (2.1)  along  with  the  fact  that  MQ(B)  =  0,VB  e  B(R)).  We  may  compute 
(3([0A]  x  (x,y])  as 

3([0A]  x  (x,y})  =  lim  /3  f  f — ,ol  x  A  x  (x,y])  =  0.  (4.71) 

The  equality  in  (4.70)  and  the  knowledge  that  the  sharp  bracket  in  zero  at  0  was  used 
in  (4.71).  In  computing  (4.71)  we  implicitly  extended  the  index  t  for  M  over  all  reals 
by  setting  Mt(B)  =  M0(B)  =  0,  V  t  <  0,  V  B  e  B(R)  and  similarly  we  considered 
the  filtration  (J-t)^  by  setting  T%  =  Tq  for  t  <  0.  Hence  (4.68)  holds  for  the  cube 
[0A]  x  (x,y],  A  <E 

Now  suppose  the  cube  in  71  is  of  the  form  (s,i\  x  A  x  (x,y],  /I  G  For  the 
computation  that  follows  we  may  (and  do)  replace  (x,y]  by  any  set  B  in  #(R).  We 
have 

£[(/M((M]  x  A  x  fl))2]  =  £[lA(Mt(£)  -  M,(B))2} 
=  £[lA(|Aft(fl)|!  -  2Mt(B)Ms(B)  +  \Ma{B)\D) 

=  E[U(\Mt(B)\l  -  \Ma{B)\l  -  2M.(B)(Mt(B)  -  M.(B))))  (4.72) 
=  E[lA(\Mt(B)\%  -  \M.(B)\%)]  -  2E[lA(M.(B)[Mt(B)  -  M.(B)])] 
=  E[\A{\Mt{B)\2  ~  Ws{B)\2)]  =  E[lA((M(B))t  -  <Af  (£)>.)] 

The  product  (of  Mt(B)  and  MS(B),  etc.)  means,  of  course,  the  inner  product  in  E. 

The  second  term  on  the  right  hand  side  of  the  fourth  equality  is  zero  because 

E[lAM.(B)[Mt{B)  -  M.(B)]]  =  E[lAMs(B)E[Mt(B)  -  M.(B)\?.]\  =  0 

as  M.(fi)  is  a  martingale.  The  sixth  equality  in  (4.72)  is  true  since  \M.(B)\2E  is  a 
submartingale.  To  be  more  explicit,  by  the  Doob-Meyer  decomposition  we  have 

\Mt(B)\l  =  Yt(B)  +  (Mt(B)),  (4.73) 

where  Y(B)  is  a  martingale  (of  class  (D)).  A  simple  computation  will  yield  the 
equality  below: 

W  ((Ml  x  A  x  B)  =  IY((s,t]  xAxB)  +  Im((s,t]  x  A  x  B)  (4.74) 
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Taking  expectations  in  (4.74)  will  yield  the  sixth  equality  in  (4.72)  since 

E(IY(s,t}xAxB))   =  E[lA(Yt(B)-Ya(B)} 

=   E[lAE[Yt(B)  -  Y,{B)\F,])  =  0 

as  Y(B)  is  a  martingale.  Thus  (4.68)  follows  from  (4.72)  (and  (4.67))  for  the  cube 
(s,<]  x  A  x  B. 

Finally,  we  prove  the  equality  in  (4.68)  for  an  arbitrary  element  C  in  71.  Thus 
let  C  =  (J"=i  Ci,  where  the  C,  are  mutually  disjoint  for  i  =  1, . . .  ,  n  and  each  C;  is  of 
the  form  C,  =  (ii,^]  x  A{  x  (.si,^]  with  A{  €  Tt\-  Since  (3  is  a  cr-additive  measure 
we  have  /3(C)  —  Yl?=i  P(Ci).  We  have  indicated  at  the  start  of  this  chapter  that  Im 
is  finitely  additive  on       0  B(R).  Thus  IM(C)  =  E"=i  Im{Cx)  in  L%.  That  is, 


i=l 


IIMC)IIl»  = 

In  order  to  check  (4.68)  it  suffices  to  show  that 

H/M(c)iB|-f;iiMCi)iik. 
t=i 

Writing  out  the  left  hand  side  of  (4.75)  we  have: 


(4.75) 


IIM<?)llk  = 


E \\(lM(d))\\h  +2ZEMCi)Iu(Ci)]  (4.76) 


=  (3(C)  +  2Y,E[lM(Ci)IM(Cj)]. 

i<j 

The  first  term  in  the  last  equality  in  (4.76)  obtains  from  (4.72)  (use  (4.67))  and  the 
fact  that  P  is  a  measure.  As  for  the  terms  of  the  form  E[I\f(Ci)I\f(Cj)]  in  (4.76),  we 
will  now  demonstrate  that  they  can  be  written  as 


£[/m(C,)MC;)]  =  0(Ci  n  Cj),  i  ?  j. 


(4.77) 


However,  as  C,  D  Cj  =  0,  for  i  ^  j,  the  terms  in  (4.77)  will  be  zero  (/?  is  a  measure). 
Then  (4.75)  is  immediate. 
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We  shall  now  begin  our  proof  of  (4.77).  Consider  two  disjoint  cubes  C\  and  C2 
with  Ci  =  (M2]  x  A  x  B,  C2  =  {t[,  t2]  xA'x  B',  where  AeTt^A'e  Tt<x ,  B  =  (sus2] 
and  B'  =  {s[ys'2].  Let  D  =  B  n  B'.  We  may  write  Cx  and  C2  as:  d  =  CuUCi,2 
and  C2  =  C2ti\JC22,  where  Ci,i  =  (ti, *2]  *  A  x  B\B',  Cit2  =  (ti,t2]  x  Ax  D  and 
C2,i  =  x  A'  x  C2,2  =  x  A'  x  D.  Then  =  /*(Ca) +  /*(<*), 

t  =  1,2,  where  this  equality  is  in       (and  hence  also  in  Z^).  Then, 

Im(C\)Im{C2)  =  Im(C\,i)Im(C2,i)  +  Im(Ci,i)Im(C2,2) 
+Im{Cii2)Im(C2,i)  +  Im(Ci>2)Im(C2i2). 

Taking  expectations  above  and  employing  the  orthogonality  of  M  one  easily  checks 
that  the  expectations  of  the  first  three  terms  on  the  right  hand  side  are  zero.  Thus 
E{Im{C\)Im{C2))  is  equal  to 

E[IM(Ch2)IM(C2,2)}  =  E[IM((tiM  xAxD)x 

M(*i,fa]  x  A'  x  D)]  =  E[lAnA'(Mta(D)  -  Mtl(D))x  (4.78) 

(Mt,(D)-Mt[(D))},   where  AnA'eFuvt,. 

In  order  to  confirm  (4.77)  we  check  three  cases  corresponding  to  the  relative  positions 
of  the  time  intervals  (ti,t2]  and  (t\,t2]  with  respect  to  each  other.  The  three  cases 
are  (in  pictures) 

(a)  — (  ]  (  ]—  ;  AnA'e        =  Tt[ 

t\      t2      t\  t'2 

(b)  — (  (  ]  }—  ;  An  A'  e  Tt\ 

t\  t2 

(c)  — (  (  j  J—  ;  AnA'e^j 

^1     t\      t2  t'2 

We  now  compute  E[IM(Ci)IM{C2)]  for  each  of  these  cases. 


(4.79) 


(4.80) 
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Case  (a).  We  have 

E[IM(CX)IM(C2)]  =  E[IM{Cia)IM(C2a)) 
=  E[lAnA,Mt3(D){Mt,(D)  -  Mt[(D)]]- 
E[lAnA,Mtl(D){Mt.(D)  -  Mt[(D)}} 
=  E[lAnA.Mt2(D)E[Mt,(D)  -  Mt[(D)\Tt[}} 
-E[lAnA.Mtl(D)E[Mt.2(D)  -  Mt,(D)\Ft,x\) 
=  0. 

But  /3(Ch2  n  C2,a)  =  0(0)  =  0.  Thus  case  (a)  verifies  (4.77). 
Case  (b).  Here 

Im(C1<2)Im(C2,2)   =   lAnA>[(Mh(D))  -  MU(D))  x  (Mt>2(D)  -  Mt[(D))] 
=   \AnA,{[{Mt2{D)  -  Mt,(D))  x  (Mt,2(D)  -  Mt[(D))) 
+[(Mt,(D)  -  Mt[(D))  x  (Mt'2{D)  -  Mt,{D))] 
+[(Mt[(D)  -  MU(D))  x  (Mt'2(D)  -  Mt[(D))}}. 
Take  expectations  in  (4.80).   The  expectations  of  the  first  and  third  terms  in  the 
brackets  is  zero,  by  a  similar  reasoning  to  case  (a).  For  the  expectation  of  the  second 
term  in  brackets  we  write  it  as  follows. 

E[lAnA' Mt'2(D)(Mt2(D)  -  Mt[{D))]  -  E[lAnA>Mt[(D)(Mt2(D)  -  Mt[(D))}. 

The  second  term  is  zero  because  it  can  be  written  as 

E[lAnA,Mt,(D)E[Mt2(D)  -  Mt,(D)\Ft,}}  =  0 

(remember:  M(D)  is  a  martingale  and  t2  >  t'2  >  t\  for  case  (b)).  The  first  term  can 
be  written  as 

E[lAnA,Mt.(D)Mt2(D)]  -  E[lAnA,Mt,(D)Mt[(D)] 

=  E[lAnA.Mt.(D)E[Mta(D)\Ft2]]  -  E[lAnA,Mt,(D)E[Mt2(D)\Tt,]] 

=  E{lAnA,Mt,2{D)Mt,2{D)]  -  E[lAnA,Mt2(D)Mt.(D)] 

=  E[\AnA\\Mt,2{D)\\-\Mt.l{D)\l]\ 

=  E[lAnA,((M(D))t,  -(M(D))t.)} 

=  /?((<;,  t'2]  xAnA'xD)  =  Pid  n  c2). 
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The  fourth  equality  above  is  due  to  (4.72)  and  the  fifth  equality  follows  from  (4.67). 
Thus, 

E[IM(C1)IM(C2)]  =  (3(C1r\C2) 

and  this  gives  (4.77). 

Case  (c).  Write  IM(Ch2)  ■  Im(C2,2)  as 

W{[Mt2(D)  -  Mt.(D)]  x  [Mt'2(D)  -  Mt2(D)}  +  ... 
+[Mt,(D)  -  Mf  (D)]  x  \Mt2{D)  -  Mf  (D)\  +  ■■■ 

(4.81) 

+[Mt[(D)  -  Mh(D)]  x  [Mt,(D)-Mt2(D)]  +  --- 

+[Mt,(D)  -  MU(D)]  x  [Mt2(D)  -  Mt.(D))}. 
Take  expectations  in  (4.81).  Following  the  ideas  in  case  (b)  the  expectation  of  the 
second  term  in  the  bracket  is  equal  to 

/?((*;,  t2)  xAf]A'xD)=  /3(d  D  C2). 

Each  of  the  other  terms  in  the  bracket  has  expectation  zero.  Let  us  detail  these  facts. 
We  write  the  expectation  of  the  first  term  in  (4.81)  as 

E[lAnA>Mh(D)E[Mt,(D)  -  Mt2(D)\Tt2}}  -  E[lAnA>Mt,(D) 

E[Mt,(D)-Mt7(D)\Ft2]]  =  0. 
As  for  the  expression  of  the  third  term  in  (4.81),  write  it  as 

E[lAnA,Mt[(D)E[Mt.(D)  -  Mt2{D)\Tt2}}  -  E[\AnA,Mtl{D) 

E[M4D)  -  M^D)^))  =  0. 
Finally  write  the  expectation  of  the  fourth  term  in  (4.81)  as 

E[lAnA,Mt,(D)E[Mt2(D)  -  Mt[{D)\Tt[\\  -  E[lAnA,Mh(D) 

E[Mh(D)  -  Mt[(D)\^]]  =  0. 
The  above  computations  imply  that  the  expectation  of  (4.81),  which  is  E[Im(Ci)Im{C2)} 
yields  (4.77).  This  completes  case  (c).  The  orthogonality  condition  in  (4.75)  now 
holds.  Hence  we  have 

\\Im{C)\\2l%=(3{C),  C€K. 
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Statement  (ii)  is  now  proved. 

We  now  come  to  the  proof  of  statement  (iii)  of  the  theorem.  Since  Im  «  P  on 
71  (e  —  8  form),  by  virtue  of  proposition  (4.2.7)  we  may  extend  Im  to  a  L^-valued 
a-additive  measure  on  Voo®B(R).  To  show  that  M  is  2-summable  relative  to  (R,  L\) 
it  suffices,  by  proposition  (2.3.17),  to  prove  that  Im  has  bounded  semi  variation, 
(^m)r,l|)  on  ft-  In  this  direction  let  C  €  ft.  Let  (C,)"=1  be  a  partition  of  C, 
where  each  C,-  has  the  form  d  =  x  A,  x  (xj,xf],  with  A,-  €  ^  and  let  (x,)^=1 

be  any  family  of  elements  in  R  with  |x,|  <  1,  i  =  1, . . . ,  n.  Then  we  have 

N  2 


1=1 


i=i 

n 


(4.82) 


EMC,) 


i=i 


=  Im(C)\\1% 

The  first  two  equalities  in  (4.82)  follow  from  (4.75)  and  the  last  equality  obtains  as 
Im  is  a  (cr-additive)  L|;-valued  measure.  From  (4.82)  we  conclude  that 


(ImWAC)  <  \\Im(C)\\L2„ 


(4.83) 


Furthermore,  we  have 


\\IM(C)\\2L2  =  (3(C)  <  (3(R  xflx  R+)  <  oo. 


(4.84) 


The  finiteness  in  (4.84)  is  by  lemma  (4.2.5),  part  (b).  Hence  IM  has  bounded  semi- 
variation,  (/a/Vl|,  on  71.  This  completes  the  proof  of  the  statement  in  (iii)  that 
M  is  a  2-summable  relative  to  (R,  L2E).  The  equality  in  (4.69)  will  be  proved  in 
proposition  (4.2.10).  ■ 
The  lemma  that  follows  will  be  used  in  proposition  (4.2.10),  where  the  equality 
in  (4.69)  is  proved. 
Lemma  (4.2.9). 
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(a)  Let  M  and  N  be  £J-valued  orthogonal  martingale  measures  which  satisfy  con- 
dition (4.13).  Then  for  any  pair  of  disjoint  sets  C  and  D  in  Voo  ®  B(R)  we 
have: 

IM{C)LIN{D)  in  L\.  (4.85) 

(b)  If  M  and  ./V  in  (a)  are  real  valued  and  C,  D  are  as  above  then  for  any  x,  y  in  E 
we  have 

IM(C)x  1  /N(I>)y.  (4.86) 

Proof.  In  the  proof  of  theorem  (4.2.8)  (see  number  (4.77))  it  was  established  that 

IM(C)  ±  IM(D),  for  C,D  ell,  disjoint.  (4.87) 

We  can  use  exactly  the  same  argument  to  prove  (4.85)  in  the  case  when  the  sets  C 
and  D  are  in  Voo  ®  B(R). 

To  prove  (4.85)  in  the  general  case  we  use  the  fact  that  Im  and  In  are  cr-additive 
measures  (theorem  (4.2.8))  to  prove  that  the  sets  below 

Mc  —  {Be  Voo  <8>  B(R) :  IM(C)  1  IN{B  -  C)} 

and 

Md  =  {Ae  Voo  ®  B(R) :  /m(^4)  1  In(D  -  A)}, 

where  C  and  D  are  arbitrary  but  fixed  sets  in  ,P0O(g)#(R),  are  monotone  classes.  This 
gives  (4.85)  and  part  (a)  is  proved. 

(b).  Part  (b)  is  proved  the  same  way  as  (a)  once  we  realize  that  Mx  and  Ny  are  E- 
valued  orthogonal  martingale  measures.  It  is  evident  that  Mx  and  Ny  are  martingale 
measures.  We  now  check  the  orthogonality  of  Mx  (the  argument  is  the  same  for  Ny). 
We  will  prove  the  orthogonality  by  demonstrating  the  following: 

(Mx,Mx)(A)  =  \x\l(M,M)(A),  for  A  e  B(R) 

(4.88) 

and  x  e  E. 
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The  sharp  bracket  (Mx,  Mx)(A)  in  (4.88)  is  taken  to  mean  (M(A)x,  M(A)x);  simi- 
larly (M,M)(A)  means  (M(A),  M(A)).  Since  |Mx||;  is  a  submartingale,  the  Doob- 
Meyer  decomposition  yields  the  equality 

\Mx\l(A)  =  \M(A)x\%  =  X(A)  +  (Mx,  Mx)(A), 

(4.oyj 

A  €  H(R). 

The  process  X(A)  in  (4.89)  is  a  martingale  and  (Mx,  Mx)(A)  is  the  unique  pre- 
dictable increasing  process  associated  with  |M(y4)x||;.  On  the  other  hand  we  may 
write  |Mx||;  as  |M|2|x|£  and  now  writing  down  the  Doob-Meyer  decomposition  for 
|M|2(,4)  ee  \M{A)\2  we  have 

\M\\A)\x\l  =  \M{A)\*\x\\  =  (Y(A)  +  <M,  Af)(A))|x||.  (4.90) 

The  process  Y(A)  in  (4.90)  is  a  martingale  and  (M,  M)(A)  is  the  unique  predictable 
increasing  process  associated  with  |M(A)|2.  Since  y(A)|x||;  is  still  a  martingale  it 
follows  upon  comparing  (4.89)  and  (4.90)  that  (4.88)  holds.  This  completes  the  proof 
of  (b).  ■ 
Proposition  (4.2.10). 

(a)  If  M  is  an  E- valued  orthogonal  martingale  measure,  zero  at  zero,  which  satisfies 
condition  (4.13),  then  we  have 

(1)  (Im)k,li(D)  =  \\Im(D)\\L2b  for  £>€Poo®#(R)and 

(2)  The  set  of  measures  {Im)u,l2e  1S  uniformly  <7-additive. 

(b)  Assume  the  hypothesis  in  (a)  holds,  except  that  now  M  is  real  valued.  Then 
considering  R  as  embedded  in  L(E,  E)  we  have 

(10  (Im)e,li(D)  =  \\Im(D)\\l1  for  D  €  V„  ®  B(R) 
and 

(20  The  set  of  measures  (Im)e,l2  1S  uniformly  <r-additive. 
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Proof,  (a).  Since  M  is  2-summable  relative  to  (R,  L^)  (theorem  (4.2.8))  we  know  that 
Im  has  bounded  semivariation  (Im)m,l2e-  We  now  prove  (1).  Let  D  G  Poo  ®  B(R) 
and  let  (Di)"=l  be  a  family  of  disjoint  sets  in  Too  <8>#(R)  such  that  D  =  0"=i  A-  Let 
(y«')"=i  De  a  family  of  elements  in  R  with  |y,-|  <  1  for  i  =  1, . . . ,  n.  By  virtue  of  (4.75) 
we  have 


1=1 


<  eii/mCawiu 


i=i 


(4.91) 


=  \\Im(d)\\i2b. 

The  last  equality  in  (4.91)  obtains  as  Im  is  a  (cr-additive)  measure.  It  follows  from 
(4.91)  that 

(Im)u,l%(D)  <  \\Im(D)\\lI-  (4-92) 

The  reverse  inequality  in  (4.92)  follows  by  definition  of  the  semivariation  of  Im  relative 
to  (R,L|).  Statement  (2)  is  now  immediate.  This  completes  the  proof  of  (a). 
(b).  The  proof  for  (b)  is  similar  to  (a).  To  make  matters  transparent  we  go  through 
the  computations  in  (4.91)  when  M  is  real  valued  and  (y,)"=1  are  in  E,  with  \yi\E  <  1. 
We  have 

2 


t=i 


«=1 
n 


=  Elli*(A)lBiWl 
t=i 

<  EIIMAOIIL 


t=i 


i=i 


=  I|/m(^)IIJ 

The  rest  is  the  same.  This  proves  (b).  ■ 
The  last  result  of  this  section  is  a  by-product  of  theorem  (4.2.8).  It  says  that  if  M 
is  an  orthogonal  martingale  measure  that  satisfies  the  condition  in  (4.13)  then  (M) 
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is  summable  relative  to  (R,  L^). 

PROPOSITION  (4.2.11).  Let  M  be  an  /^-valued  orthogonal  martingale  measure, 
zero  at  zero,  which  satisfies  condition  (4.13).  Then  (M)  is  a  process  measure  that  is 
summable  relative  to  (R,  L^).  The  semivariation  of  I(m),  {I(M))uj±i  can  De  computed 
as  follows. 

(/<*#> W^)  =  \\t<M)\\i±(D),  2?€7>oo®B(R)  (4.93) 

Proof.  By  properties  of  the  sharp  bracket  condition  (a)  of  definition  (2.1.1)  is  satisfied. 
Next,  since  for  each  t  >  0,  M  —  t(-)  is  a  L\  a— additive  measure,  it  follows  from 
(4.17)  that  (M(-))f  is  definition  (2.1.1)  is  also  satisfied  and  hence  (M)  is  a  process 
measure.  We  now  show  that  /(a/)  :  Voo  ®  B(R)  — >  Ljj  is  a  a-additive  measure 
with  finite  semivariation  relative  to  (R,Z/jg).  Recall  from  (4.67)  that  on  a  cube  of 
the  form  (s,t]  x  A  x  B,  with  A  G  T»  and  B  €  B(R)  the  positive  (finite)  measure 
P  :  Voo  ®  B{R)  — >  [0,  oo)  is  given  by 

x  AxB)   =  E[lA[(M)t(B)-(M)a(B)} 

(4.94) 

=  E[Im((s,t]xAxB)}. 

That  is,  \\I(M)((s,t]  x  Ax  BW^  =  (3((s,t]  x  Ax  B).  Let  C  =  (U,=iC)  €  7?.,  where 

the  d  are  cubes  of  the  form  in  (4.94).  Then  ||/(m)(C)||li  =  ||  E  I{M)(Ci)\\Li  (see 

K        i=i  R 

section  (2.2)  and  lemma  (1.3.3)).  Since  the  sharp  bracket  is  increasing  (and  zero  at 

zero),  we  have  ||  £  I(M)(Ci)\\Li  =  E  ll/(M)(C,)||Li .  Thus  we  obtain 
»=i  *     i=i  * 

\\I{M)(C)\\L>t=0(C).  (4.95) 

Now  I(m)  :  7Z  — >  is  a  finitely  additive  measure,  which  by  (4.95)  is  absolutely 
continuous  (e  —  S  form)  with  respect  to  f3  on  1Z.  Thus  it  follows,  by  proposition 
(4.2.7),  that  I(M)  can  be  extended  to  a  valued  cr-additive  measure  on  Voo  ®  B(R). 
Since  I(M)  _!  0  a.s.  on  71,  it  follows  by  a  monotone  class  argument  that 


I(M)(D)  >  0  a.s.  D  e  Voo®B(R). 


(4.96) 
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The  null  set  in  (4.96)  depends  on  D.  We  now  compute  the  semivariation  of  I{m) 
relative  to  (R,Ljj).  Let  D  €  V<x>  ®  B(R)  and  let  (A')SLi  be  a  family  of  disjoint  sets 
in  Voo  ®  B(R)  whose  union  is  D  and  let  (j/,)"=1  be  a  family  of  elements  in  R  with 
|y»|  <  1.  Then  we  have 


|£?=1  /<M>(A')y,  n   <  EHWAOIlLi 


(4.97) 

Li 


=  IIW^)llii- 

The  first  equality  in  (4.97)  follows  as  I(m)(D{)  >  0  a.s.  and  there  are  only  finitely 
many  sets  Z),.  The  second  equality  is  obtained  as  1^  is  a  L^- valued  (<r-additive) 
measure.  From  (4.97)  we  have 

(I(M)WK(D)  <  \\I{M)(D)\\Lk.  (4.98) 

The  reverse  inequality  in  (4.98)  follows  from  the  definition  of  semivariation.  We  thus 
obtain  (4.93).  This  completes  the  proof  of  the  proposition.  ■ 

4.3  The  Stochastic  Integral  (H  ■  M)  When  M  Is  an  Orthogonal  Martingale  Measure 

In  this  section  we  shall  confine  our  attention  to  a  Hilbert  valued  orthogonal 
martingale  measure  M  which  satisfies  the  condition  in  (4.13). 

Let  E  denote  the  Hilbert  space  in  which  M  takes  its  values.  Under  these  hypothe- 
ses we  know  from  theorem  (4.2.8)  that  M  is  2-summable  relative  to  (R,  L2E).  From 
theorem  (3.6.1)  we  conclude  that  for  H  G  L^a  (M),  the  stochastic  integral  (H  •  X) 
is  bounded  in  L\.  integrable  martingale.  Furthermore  since  E  is  reflexive  (and  hence 
(L2Ey*  =  L2E),  we  conclude  by  the  same  theorem  that  (H  •  X)  is  2-summable  relative 
to  (R,L2E). 

Our  primary  concern  at  this  stage  is  to  demonstrate  that  the  familiar  Ito  isometry 
in  the  standard  theory  of  the  stochastic  integral  carries  over  to  the  situation  at  hand. 
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More  precisely,  we  show  that  the  mapping  H  — V  H-M  from  £j^L2  (B,  M)  (the  closure 
of  the  bounded  processes  in  L^L2  (M))  into  L^(fi^M))  iS  an  isometry.  The  details  of 
this  statement  may  be  found  in  theorem  (4.3.5).  We  remark  here  that  the  Doleans 
function  induced  by  the  process  measure  (M)  (see  proposition  (4.2.11),  where  we 
established  that  (M)  is  a  summable  process  measure  ),  that  is  fj,(M)(D)  =  E[I^\(D)], 
is  infact  a  er-additive  measure  (proposition  (4.3.1)).  This  fact  allows  us  to  obtain  the 
Ito  isometry.  We  also  show  that,  as  alluded  to  earlier  in  section  6  of  chapter  3,  the 
stochastic  integral  (H-M)  itself  turns  out  to  be  an  orthogonal  martingale  measure  in 
the  case  when  H  6  LL  l2  (B,  M).  The  next  proposition  clears  the  path  to  establishing 

E 

the  Ito  isometry. 

PROPOSITION  (4.3.1).  Let  M  be  an  ^-valued  orthogonal  martingale  measure  which 
satisfies  the  condition  in  (4.13).  We  have 

(1)  The  Dolean  function         :  1Z  — >  R+,  where  li^m)  =  E[I(M)},  can  be  extended 
to  a  positive  <r-additive  measure  on       ®  B(R). 

(2)  The  Dolean  function  associated  with  the  submartingale  \M\%,  H\m\%  '•  ^  — ►  ^+ 
can  be  extended  to  a  positive  cr-additive  measure  on  Voo  <S>  B(Ht)  and  we  have 

V(M)  =  V\m\%-  (4-99) 

REMARK  (4.3.2).  It  is  understood  that  when  we  write  (M)(A)  or  (M,N)(A)  or 

(M)(A,B)  for  A,B  6  B(R)  we  mean  respectively  (M)(A)  or  (M(A),N(A))  or 

(M(A),M(B)).  Similarly  when  we  write  |M||(A)  we  mean  |M(A)||. 

Proof  (of  theorem  (4.3.1)).  In  proposition  (4.2.11)  we  proved  that  (M)  is  a  process 

measure  that  is  summable  relative  to  (R,  L^).  We  had  there  that  (see  number  (4.94)) 

the  positive  <r-additive  measure  (3  :  Voo<S>B(R)  — >  R+  was  equal  to         on  11.  That 

is, 

P((s,t]xAxB)  =  E[lA((M)t(B)-(M),(B))] 

=  E[I{M){s,t}xAxB)  (4.100) 
=   fi{M)((s,t]  x  A  x  B) 
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where  A  G  T,  and  B  €  B(R).  We  were  then  able  to  conclude  that  I(M)  :  Vao  ® 
— ►  Z/^  was  a  cr-additive  measure  and  that 

I(M){D)  >  0  w.a.s.,  D  <E       ®  £(R).  (4.101) 

The  null  set  in  (4.101)  may,  in  general,  depend  upon  D.  It  then  follows  that  //(m>  = 
E(I{M))  is  a  positive  cr-additive  measure  on  Poo  (g)  5(R).  This  proves  statement  (1). 
(2).  Since  \M\2E  is  a  submartingale  which  is  cadlag,  we  may,  by  the  Doob-Meyer 
decomposition  write  it  as 

\M\2E  =  Y  +  (M),  (4.102) 
that  is  for  each  B  6  B(R)  we  may  write 

\Mt(B)\l  =  Y(B)  +  {Mt(B)).  (4.103) 

In  number  (4.102),  Y.(B)  is  a  martingale  (of  class  (D))  and  (M{B))  is  a  predictable, 
integrable  increasing  process  zero  at  0.  We  have  already  indicated  that  the  sharp 
bracket  (M)  of  M  is  a  summable  process  measure.  A  simple  computation  will  verify 
that  (4.103)  implies  the  following: 

I\m\%  =  Iy  +  I(M)  on  K.  (4.104) 
Taking  expectations  in  (4.104)  we  obtain 

V\m\%  =  W  +  fi(M)  on  K.  (4.105) 

However,  note  that  pLy  is  0  on  TZ  as  Y  is  a  martingale.  Let  us  verify  this  quickly.  Let 
(s,t]  x  A  x  B  with  A  G  jF„  B  €  B(R)  be  a  cube  in  11.  Then  we  have 

t*Y((s,t]xAxB)   =  E[lAYt(B)-Y.(B)] 

(4.106) 

=   E[lAE[Yt(B)-Y,(B)\FM]]  =  0. 

Hence  we  have 

V\M\l  =  ^(M)  or  K.  (4.107) 
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Return  now  to  the  proof  of  statement  (1).  A  quick  look  at  (4.100)  yields 

/?  =  /i|M||  on  P.  (4.108) 
By  the  argument  following  (4.100)  we  now  conclude  that 

li\MpB  ■  'Poo  8  B(R)  — >  4 

is  a  cr-additive  measure.  In  fact  H\M ^  is  a  positive  measure-  -this  will  be  immediate 
once  we  establish  (4.99).  But  (4.99)  follows  at  once  from  (4.107)  and  a  monotone 
class  argument,  using  now  the  fact  that  H(m)  and  ^\m\\  are  cr-additive  measures.  This 
proves  (2)  and  ends  the  proof  of  the  theorem.  ■ 
REMARK  (4.3.3).  For  D  €  P*,  ®  B{R)  we  write 

H{M)(D)   =  E[I{M)(D)} 

=  e  |y  \D  di{M) 

=  eUid  d{M)  . 

REMARK  (4.3.4).  From  Proposition  (4.2.11)  in  section  4.2  we  have  the  following 
equality. 

( V)  W'P)  =  II  W£)lk,  d  e  Voo  ®  B(R).  (a) 

Since  li\M\2E  —  ^(M)  (by  (4.99)),  we  may,  by  exactly  the  same  argument  given  in  the 
proof  of  proposition  (4.2.11),  conclude  that  the  following  equality  holds 

(lml){D)  =  llVkP)^,  D  e  Poo  ®  B(R).  (b) 

From  the  proof  of  proposition  (4.2.11)  we  have  that  I(m){D)  and  I\M\2(D)  are  positive 
almost  surely  for  each  D  €  Poo  <8>  B(R).  Thus  we  have 

WW  =  HW^Hlj,  (c) 

and 

WB{D)  =  I|W(£)IIl> 


"A 
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From  (a)  and  (b),  and  the  above  ,  we  obtain  the  equality 


(4.109) 


Now  let  S  —  £JL,  si^Dn  Di  €  "Poo  ®  B(R),  be  a  positive  predictable  simple  function. 
Then  computing         (H{m)\\l^  and  \\  f  S  dl^Jl^  we  have 


J  S  dI(M) 


i=l  n 

=  f>,£(/(M>(A)) 
t=i 

=  E^IIWAOlli; 
1=1 

=  E*.-|IW.(A)IIl; 

i=l 

=  £5t£(/|M||(A)) 


(4.110) 


=       /  SdI\M\% 


The  second  equality  in  (4.110)  follows  from  the  fact  that  J2?=i  ■S«^(A/)(A)  is  positive 
P.a.s.  (see  our  earlier  comments  in  this  remark;  also  note  that  s,  >  0  for  i  =  1, . . . ,  n). 
The  fourth  equality  in  (4.110)  is  similarly  true.  The  fifth  equality  is  true  by  (4.99) 
and  (c)  of  this  remark.  The  remainder  of  the  steps  in  (4.110)  follow  the  preceding 
pattern.  For  a  positive  predictable  function  H,  using  definition  (2.3.29),  we  obtain 


(I(M))m,Ll(H)   =   sup  dI{M) 

=    SUp||/  S  dI\M\\ 


(4.111) 


The  sup  in  (4.111)  is  taken  over  all  positive,  simple,  predictable  function.  The  second 
equality  in  (4.111)  is  by  (4.110).  Hence  we  see  that  for  any  H  >  0,  predictable  we 
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have 

He^Lk(i{M))  iff  HeT^ii^) 

and  such  an  H  satisfies  the  equality  in  (4.111). 

THEOREM  (4.3.5).  Let  £  be  a  Hilbert  space  and  let  M  be  an  E- valued  orthogonal 
martingale  measure  which  satisfies  the  condition  in  (4.13).  Let  H  €  L\^L2  (B,M) 
(observe:  H  is  real  valued). 
Then  we  have 

(Im)u,li(H)  =  ||/ H  dl^  =  \\H\\Ll(ll(M))  (1) 

and 

m  =  \Av>Wi(#2)  =  v^w.W"2)  (2) 

REMARK  (4.3.6).  The  second  equality  in  statement  (1)  of  the  theorem  is  the  Ito 
isometry.  This  isometry  H  — >  H  ■  M  is  from  L^L2  (B,  M)  into  L\  (/i(M))- 
Proof  (of  theorem  (4.3.5)).  We  will  prove  the  equalities  in  (1);  statement  (2)  will 
follow  as  a  by-product.  Observe  that  for  a  cube  in  1Z  of  the  form  [Oa]  x  B,A  6  !Fo, 
B  €  B(R)  and  for  r  €  R  we  have 

||/m([0>4]  X  £)r||£,    =  \\lAM0(B)r\\Ll 

=   E[lA\M0(B)\lr*}  (4.112) 

=   E  [1 1t°»]xBr2  dI\M\l  • 
And  for  a  cube  in  TZ  of  the  form  (s,i\  x  A  x  B  with  A  G  Ts  and  B  £  B(R),  we  have 

\\I„({3,t]  x  A  x  B)r\\l,    =    \\lA(Mt(B)  -  Ms(B))r\\Ll 


=  E[lA(Mt(B)  -  Af.(fi))V]  (4.113) 
=   E[lA(|Mt(£)||  -  |Ms(fl)H)r2] 

The  third  equality  in  (4.113)  is  obtained  in  the  same  way  as  in  (4.72).  Xow  for  a 
simple  process  H  (see  remark  (3.2.4))  of  the  form 

n 

H  =  1[0a]Ib0to  +  £  (4.114) 
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where  A0  €  T0,  Ai  e  Tti  for  »  =  1, . . . ,  n,  £?,  €  B(R)  for  i  =  0, . . . ,  n  and  r,-  G  R 
for  t  =  0, ... ,  n,  and  where  the  sets  in  the  family  {[$a]  x  (-s,,  <,•]  x  ^  x  5,}"=1  are 
mutually  disjoint,  we  have 

2 


dl 


M 


=    \\Im([0a]  x  B)r0\\2L2E 

n 


:=1 


=  E 


\M\2t 


(4.115) 


+  J2E\    h*i,u]xAixBiri  dlv 
«=i  LJ 

=  E[fH>dIm%] 
=  J  H2  dnm 
=   J  H2  dfi(M) 
=  E^jH2dI{M)\ 

The  first  equality  in  (4.115)  is  an  application  of  lemma  (4.2.9).  The  fourth  equality 
is  true  because  V\m\2b  —  E[I\M\2B]  on  ^  and  as  H  is  7^-simple.  The  fifth  equality  is  by 
(4.107)  and  the  sixth  is  true  since  =  £[/<a*)]  on  11.  Note  that  the  Ito  isometry 
||/  H  dIM\\L2E  =  ||#||l2(/i<m>)  is  evident  from  (4.115)  for  7^-simple  functions  H  of  the 
form  in  (4.114). 

Since  the  family  of  measures  {Im)u,l%  ls  uniformly  a-additive,  we  have  by  propo- 
sition (2.3.39)  that 

Fk,li(S(11),M)  =  Fk,le(B,M).  (4.116) 

However, 

Fwb(B,M)  =  L1KLb(B,M).  (4.117) 

To  prove  the  equality  in  (4.117)  we  need  to  check  the  conditions  in  definition  (3.2.2). 
From  part  (b)  of  theorem  (2.3.42),  which  uses  the  fact  that  (Im)m,l2  -is  uniformly 
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cr-additive,  we  know  that  for  H  €  T^jji  (B,M)  the  set  function  /  H  dl\t  :  Voo  <8> 
B(R)  — ►  (L2E)**  =  (LE)  is  a  cr-additive  measure  (note  that  {L2E)**  =  L\  as  E  is 
reflexive).  In  particular  for  any  t  >  0  fixed  we  have  that  /[0,<]x(  )  H  ^Im  '■  B(R)  — >  L\ 
is  a  cr-additive  measure.  This  takes  care  of  condition  (1).  Now  for  each  t  >  0  and  each 
B  €  B(R)  we  know  that  f[0qxB  H  Mm  €  LE  =  LE(fl,  T,  P).  It  follows  from  theorem 
(3.2.1)  that  /[0  (jxfl  //  dl\j  is  ^-adapted.  To  complete  the  verification  of  condition 
(2)  we  need  to  show  that  the  process  (/[0  (]xfl  H  dlM)t>o  has  a  cadlag  modification 
for  each  B  £  B(R)  fixed.  By  the  proof  of  theorem  (3.6.1)  (where  we  did  not  use  the 
cadlag  assumption  to  show  that  (H  ■  M)  is  a  martingale)  we  deduce  that  the  process 
(i[o,(]xfl  ^  AIm)  is  a  martingale.  It  follows  that  (f[0tt]xB  H  dI\f)t>o  has  a  cadlag 
modification  (see  part  (3)  of  remark  (3.6.2)).  Thus  definition  (3.2.2)  is  satisfied  for 
the  H  above,  which  means  that  H  G  L^L2  (B,  M).  This  proves  (4.117).  From  (4.116) 
and  (4.117)  we  deduce  that  the  K  simple  functions  are  dense  in         (B,  M). 

Now  let  H  €  Z/j^a  (B,  Af )  and  let  (Hn)'^Zi  be  a  sequence  of  7^-simple  functions 
which  converge  to  H  in  Z,^^  (5,  M).  Taking  a  subsequence  we  may  assume  that 
Hn  — >  H,  Im  a.s.  Since  h^m)  <<  Im  we  deduce  that  Hn  — >  H,  fi(M)  a.s.  Using 
the  isometry  in  (4.115),  with  H  there  replaced  by  Hn  —  Hm,  we  have 


\\Hn  -  Hm\\Ll(HM))  =  11/  H»  -  Hm  dIM    2  <  (IM)u,Ll(Hn  -Hm)~^0 


Hence  {Hn)™=l  is  cauchy  in  Z^(//(a/)).  Since  Z,jj^(M))  is  complete  and  as  Hn  — ► 
H,H(m)  a.s.  we  deduce  that  (1)  H  6  I&((*(M))  and  (2)  Hn  — ►  H  in  L^(^{M)).  From 
the  isometry  it  follows  that 


(4.118) 


1 
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This  gives  the  second  equality  in  (1).  The  first  equality  in  (1)  is  obtained  as  follows: 

(Im)hl*b(H)    =   sup^J  S  dIM 

=  SUPl|5||i2(/J(M>) 

(4.119) 

=  II#IIl£o.(m)) 

=   \\fHdIM  . 

The  sup  in  (4.119)  is  taken  over  all  simple  functions  S  such  that  |5|  <  \H\.  The 
fourth  equality  in  (4.119)  is  by  (4.118).  This  proves  statement  (1)  of  the  theorem. 
As  for  statement  (2),  let  us  compute  (I(M))m,Ll(H2)-  We  have 

(I(M))th,li(H2)   =   sup  U  S  dI(M) 

=   snpjs  dfi{M)  (4.120) 

where  the  sup  in  (4.120)  is  over  all  predictable  simple  functions  S  such  that  \S\  <  H2. 
The  second  equality  in  (4.120)  is  valid  because  (1)  we  may  take  S  to  be  a  (positive) 
simple  function  and  (2)  I(m){D)  >  0  a.s.  for  D  G  "Poo  ®  B(R)  -  -  see  proposition 
(4.2.11).  Combining  (4.119)  and  (4.120)  gives  the  first  equality  in  (2).  The  second 
equality  in  (2)  follows,  at  once,  from  (4.111).  This  completes  the  proof  of  the  theorem. 
■ 

Our  next,  and  last,  theorem  of  this  section  says  that,  under  the  hypothesis  of 
theorem  (4.3.5),  (H  •  M)  is  an  orthogonal  martingale  measure  that  is  2-summable 
relative  to  (R,  L2E). 

THEOREM  (4.3.7).  Let  £  be  a  Hilbert  space  and  let  M  be  an  E-valued  orthogonal 
martingale  measure  which  satisfies  the  condition  in  (4.13).  Let  H  e  L^L2  (B,M). 
Then 


(1)  (H  •  M)  is  a  martingale  measure  which  is  2-summable  relative  to  (R,  L%).  and 
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(2)  (H  ■  M)  is  an  orthogonal  martingale  measure. 

PROOF.  (1).  That  (H  •  M)  is  a  2-summable  process  measure  follows  from  theorem 
(3.4.3)  once  we  recall  from  the  proof  of  theorem  (4.3.5)  that  fD  Hdlu  6  L2E  for  every 
D  E  Voo  ®  B(R).  And  from  theorem  (3.6.1)  we  know  that  (H  •  M)  is  a  martingale. 
This  proves  (1). 

(2).  It  remains  for  us  to  show  that  (H  •  M)  is  orthogonal.  That  is  for  B,C  6  B(R) 
with  B  D  C  =  0,  we  need  to  demonstrate  that 

((H  ■  M)(B),  (H  ■  M)(C))  =  (H  •  M)(B,  C)  =  0.  (4.121) 

Now,  for  any  A  £  B(R),  (H  •  M)t(A)  is  a  square  integrable  martingale  and  hence  we 
know  that  the  difference 

(H  ■  M)t(B)(H  ■  M)t(C)  -  (H  ■  M)t(B,  C)  (4.122) 

is  a  martingale.  In  order  to  show  that  (H  ■  M)(B,  C)  =  0  it  suffices  to  show  that  the 
process  ((H  •  M)t(B){H  ■  M)t(C))t>0  is  a  martingale.  For  then,  by  the  unicity  of  the 
sharp  bracket,  we  will  obtain  that  (H  ■  M)t(B,  C)  —  0. 

We  consider  first  the  case  when  H  is  a  7£-simple  process  of  the  form 

n 

H  =  l[oA]lBor0  +  £  lfcAjUlfti-i  (4.123) 
i=i 

where  A  €  ^"o,  M  G  Tti  for  i  =  1, . . .  ,n,  €  5(R)  and  r,  €  R  for  i  =  0,. ..  ,n. 
In  order  to  show  that  the  process  ((#  •  M)t(B)(H  •  M)t(C))t>o  is  a  martingale  it 
suffices  by  Dellacherie-Meyer  [10]  (chapter  VI,  theorem  13)  to  show  that  for  every 
predictable  stopping  time  T  we  have:  (a)  (H  •  M)T{B)(H  ■  M)T(C)  is  integrable  and 
(b)  E[(H  ■  M)T(B)(H  ■  M)t(C)}  =  0.  Computing  (H  ■  M)t(B)  and  (H  ■  M)t(C)  for 
the  H  in  (4.123)  we  obtain 

(H  ■  M)t(B)  =  J2  lA.(MtiM(Bi  HB)-  M.iM{Bi  n  B)) 
i=i 

and  (4.124) 

(H  ■  M)t(C)  =  £  lAi(MtiM(Bi  n  C)  -  MaiAt(Bi  n  C)). 
1=1 
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Observe  from  (4.124)  that  we  may  write  (H  •  M)\n{B)  for  (H  ■  M)t(B)  and  similarly 
(H  •  M)\n{C)  for  (H  •  M)t(C).  Hence  in  order  to  confirm  (a)  and  (b)  it  suffices  to 
only  consider  those  predictable  stopping  times  bounded  by  tn.  We  remark  that  in 

(4.124)  we  have  used  the  fact  that  M  is  zero  at  zero.  Now  let  T  be  a  stopping  time 
bounded  by  tn  and  let  A  €  B(R).  Then 

(H-M)t(A)   =   (H'M)t(A)   =   (H  •  M)tm„(A) 

(4.125) 

=  (H-M)T(A)    =  ((l[[o,r]]#)  •  M)(A)  =  (H  ■  MT)(A). 

Equalities  four  and  five  in  (4.125)  follow  from  part  (2)  of  theorem  (3.4.6).  From 

(4.125)  we  have 

\\(H  ■  M)T(A)\\Ll   =   \\(H  •  MT)(A)\\L%       <  (IMr)^Ll(lAH) 
=  (^)m,i|(l[[o,T]]U^)  <   {Im)k,l\{H)  <  oo. 
The  first  inequality  in  (4.126)  is  by  the  same  argument  as  in  (3.58).   The  second 
equality  is  by  theorem  (3.4.5).  The  semivariation  of  H  relative  to  (R,  L2E)  is  finite  as 
H  €  L^L2  (M).  By  Holders'  inequality  we  have 

\\{H  ■  M)T(B)(H  ■  M)T(C)\\»B  <  \\(H  ■  M)T(B)\\Ll\\(H  ■  M)T(C)\\L%  <  oo. 

This  takes  care  of  condition  (a).  We  now  establish  condition  (b).  A  glance  at  (4.124) 
indicates  that  in  order  to  show  (b)  it  suffices  to  prove  that 

E[lA,lA](MtiAT(Bi  nB)- MStAT(Bi  n  5))(M<jAT(Bi  nC)  / 

(4.127) 

-MajhT{B3  n  C))}  =  0. 
We  may  write  the  left  hand  side  of  (4.127)  as 

E[IMT{{Si,  U\  x  Ai  x  (Bi  D  B))  IMr({Sj,  tj]  x  Aj  x  (Bj  D  C))}.  (4.128) 

Note  that  in  (4.128)  MT  is  an  orthogonal  martingale  measure  (use  proposition  (3.3.1) 
and  theorem  (3.4.5)).  The  orthogonality  of  MT  follows  by  properties  of  the  sharp 
bracket.  That  is, 

{MT(B),MT(C))t  =  (M(B),M(C))J  =  0, 
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(see  [10],  number  (41.3),  chapter  VII).  But  the  expression  in  (4.128)  is  zero  by  the 
proof  of  theorem  (4.2.8)  (see  (4.77)).  This  shows  that  E[(H ■  M)T{B){H ■  M)T{C)\  =  0 
for  T  a  predictable  stopping  time  and  H  a  7£-simple  function.  As  discussed  earlier 
this  proves  that  the  process  ((H  ■  M)t(B)(H  •  M)t(C))t>o  is  a  martingale  and  hence 
((H  ■  M)(B),(H  ■  M){C))  =  0.  We  now  attend  to  the  general  case.  Let  H  £ 
Z/j^a  (£,  M).  By  the  proof  of  theorem  (4.3.5)  we  know  that  the  7£-simple  functions 
are  dense  in  L^L2  (B,  M).  Thus  let  (Hn)^=l  be  a  sequence  of  7^-simple  functions  such 
that  Hn  — ^  H  in  L^L2  {B,  M).  We  will  now  show  that  (H  ■  M)  satisfies  conditions 
(a)  and  (b).  Let  T  be  any  predictable  stopping  time  and  let  A  €  #(K).  Then  we 
have 

/         Hn  dIM-  (         H  dIM 

J[[0,T]]xA  J[[0,T]]xA 

Since  we  have 

\\(H  ■  M)T(A)\\Ll   <   (IM)u,Ll(Hn  -  H)  +  \\(H»  ■  M)r{A)\\Ll 
=   (Iu)vi(H»  -H)  +  \\(H»  ■  MT)(A)\\Ll 
it  follows  that  (H  ■  M)  satisfies  condition  (a).  To  check  (b)  we  observe  from  (4.129) 
that 

(Hn  •  M)t(A)  — >  (H  •  M)t(A)  in  L% 
and  hence  it  follows  that  for  B,  C  G  B(R),  disjoint,  we  have 

(Hn  ■  M)T(B)(Hn  ■  M)T(C)  — ►  {H  ■  M)T(B)(H.M)T(C)  in  LXE,  (4.130) 
From  (4.130)  we  also  have 

E[(Hn  •  M)T(B)(Hn  •  M)T(C)]  — >  E[(H  ■  M)T(B)(H  ■  M)T(C)].  (4.131) 

Since  the  left  side  of  (4.131)  is  zero  for  each  n,  we  conclude  that 

E[(H  ■  M)T(B)(H  ■  M)T(C)}  =  0. 

Thus  condition  (b)  is  also  satisfied  by  (H ■  M)  and  this  means  that  (H-M)(B,C)  =  0. 
The  theorem  is  now  proved.  ■ 


<('m)r,l*b  (#"-#)— >0.  (4.129) 
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4.4    A  Special  Cage  of  Martingale  Measures  with  Nuclear  Covariance 

The  concept  of  a  martingale  measure  with  nuclear  covariance  has  been  introduced 
in  chapter  2  (definition  (2.1.1)).  In  this  section  we  prove  that  a  canonical  example  of 
such  a  process  measure  is  2-summable.  We  present  this  example  as  a  proposition. 
PROPOSITION  (4.4.1).  Let  (R,B(R),?7)  be  a  finite  measure  space  and  suppose  that 
/  6  L|(R,  tf(R),77)  with  /  >  0.  Let  (f2,:F,  P)  be  a  complete  probability  space.  Let 
{Bt,t  €  [0, T],T  <  oo}  be  the  standard  (one-dimensional)  Brownian  motion  and  let 
{Ftii  £  [0,T],T  <  oo}  be  the  associated  Brownian  filtration.  Consider  the  process 
measure  {Mt(C),  (Ft),  t  <E  [0,  T],  C  G  B(R)}  defined  by 

Mt{C)(w)  =  Bt{w)  I  f  dr,.  (4.132) 
J  c 

Then, 

(1)  {Mt(C),(Ft),t  €  [0,T],  C  €  #(R)}  is  a  martingale  measure  with  nuclear  co- 
variance. 

(2)  I\f  can  be  extended  to  a  a-additive  measure  on  Vr  ®  B(R)  with  bounded 
semivariation  relative  to  (R,  L^)  (Vt  is  the  predictable  <r-algebra  on  [0,  T]  x  0). 

Proof.  It  is  evident  from  (4.132)  that  M  is  a  martingale  measure.  We  need  to  check 
conditions  (i)  and  (ii)  in  definition  (2.1.1),  part  IV,  to  show  that  M  has  nuclear 
covariance.  Condition  (i)  is  obvious.  As  for  condition  (ii),  let  (ffrn)^  be  a  complete 
orthonormal  system  of  real  valued  step  functions,  where  for  each  n  we  have 

in 

<f>n  =  XX.^n,.  ;  (An,i)i=i  is  a  disjoint  family  in  B(R).  (4.133) 
i=i 

From  definition  (2.1.1)  we  know  that  Mt(0n)  is  defined  by 
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Then  we  have 


E[(Mt(<t>n))2}   =  E 


=  E 


•n  ,  > 

J2*n,iBt(w)  /     f  drj 

.=  1  JA«.i  J 

=     (/^n/^)!  =  </,«2, 


where  the  last  equality  holds  by  Parseval's  formula.  This  establishes  condition  (ii) 
in  definition  (2.1.1),  part  IV.  Statement  (1)  of  the  proposition  is  now  proved.  For 
statement  (2),  we  first  show  that  Im  can  be  extended  to  a  cr-additive  measure  on 
VT  ®  B(R). 

Let  Kt  denote  the  ring  (of  finite  (disjoint)  union  of  cubes  of  the  form  (s,  t]xAxB, 
with  A  G  Ta)  which  generates  VT  ®  B(R).  Let  z  G  (Z,|)*  =  L\.  Then  for  a  cube 
(s,t]  x  A  x  C  with  A  G       and  C  G  #(R)  we  have 


(IM((s,t]xAxC),z)   =  (lA[Mt(C)-M,(C)],z) 

=   (lA(Bt-B.)  f  fdrj,z) 

=   (lA(Bt-B.),z)  [  fdr, 
Jc 

=  (IB((s,t]xA),z)fcfdr1. 


(4.134) 


In  (4.134)  the  stochastic  measure  IB  is,  infact,  a  cr-additive  measure  over  Vt-  This 
obtains  from  proposition  3.22  in  Brooks  and  Dinculeanu  [4],  as  B  is  a  square  integrable 
martingale.  Hence  (IB(-),z)  :  VT  — ►  R  is  a  cr-additive  measure  (A  strongly  cr- 
additive  measure  is,  of  course,  weakly  a-additive).  Let  n  :  B(R)  — ►  R+  denote  the 
positive,  cr-additive  measure  /x(C)  =  fcfdj]  for  C  G  B(R).  Then  from  (4.134)  we 
have  the  following  equality. 


(IM({s,  t]xAx  C),  z)  =  (IB{(s,  t]  x  A),  z)fi(C).  (4.135) 
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Now  let  1Z'T  denote  the  ring  of  finite  (disjoint)  unions  of  rectangles  (of  the  form 
(s,t]  x  A,  A  €  Ta  and  {0}  x  A,  A  €  To)  generating  Vt-  One  easily  checks  that  the 
(bi)  set  function  Im  '■  TZ't  x  B(R)  — >  L\  is  finitely  additive  in  each  component  (in 
the  sense  of  a  bimeasure).  Thus  by  lemma  (1.3.3)  (and  remark  (1.3.4))  we  deduce 
that  Im  is  finitely  additive  on  7t'T  x  B(R)  and  hence  on  TZt- 

For  an  arbitrary  D  6  TZt,  say  D  =  (Ji=iDi,  A  =  {si,U]  x  A{  x  C,  we  have 


(4.136) 


=  ^(M^MxA^z^id). 
•=i 


In  (4.136)  the  first  equality  is  by  the  finite  additivity  of  Im  on  IZt  and  the  third 
equality  is  by  (4.135).  The  statement  in  (4.136)  says  that  the  scalar  set  function 
(IM(-)),z)  is  equal  to  the  product  measure  (IB(-),  z)fi(-)  on  1ZT.  Since  {IB{-),  z)fi(-) 
is  a  positive  (finite)  measure  on  Vt  ®  B(R)  it  follows  by  proposition  (4.2.7)  that 
(Im,z)  can  be  extended  to  a  cr-additive  measure  on  Vt  ®  B(R).  It  then  follows  by 
the  theorem  of  Pettis  ([18],  theorem  1,  page  318)  that  IM  is  a  cr-additive  measure  on 
Vt®B(R).  It  remains  to  show  that  IM  has  bounded  semivariation  relative  to  (R,  Ljg) 
on  Vt  ®  B(R).  However,  in  view  of  proposition  (2.3.17),  it  suffices  to  show  that  IM 
has  bounded  semivariation  relative  to  (R,  Z,R)  on  TZt-  We  do  this  now. 

Let  D  e  TlT,  D  =  U"=1A,  as  in  (4.136).  We  may  further  write  D  as  a  union 
0?=^,  D\  e  TlT,  such  that  if  D\  =  (s,,*,]  x  A{  x  Q  and  D3  =  [s^tj]  x  A,  x  C3 
where  A{  €  Ttii  Aj  <E  Ttj,  i  ^  j,  then  n  («,-,*,■]  =  0.  Let  (rt)?=1  be  elements  in 


107 


R  with  |r,|  <  1.  Then  we  have 


t=l 


(4.137) 


=  J2E[IB((st,U]xAt))2r>MCt))2 
+2^E[lB((si,U]  x  Ai)IB{(as,ti]  x  A^nrMCMCj) 

i<j 
m 

t=i 

+2E«[p<IriUfU<(*.  -  B'iWtj  ~  B.tMCiMCi) 

i<j 
m 

<E^,-b,)2]MO)2 

t=l 

+2^E[(Bti  -  Bti){Bt]  -  Btj)]n(d)n(Cj) 

m 

=  El*.-*.l(MC))3+o 
t=i 

<  r(//(R))2  <  oo. 

The  last  equality  in  (4.136)  is  obtained  by  the  properties  of  Brownian  motion  [(1) 
E((Bt  -  Ba)2)  =  \t-s\  and  (2)  E((Btl  -  Btl)(Bta  -  BS2))  =  0  (independent  incre- 
ments)]. Also  observe  that  J2iLi  \U  —  si\  <  T  as  the  intervals  {(a<>fi]}£:i  are  disjoint. 
We  conclude  from  (4.137)  that  (Im)u£(D)  <  T(//(R))2.  Thus  IM  has  bounded  semi- 
variation  relative  to  (R,  Lg)  over  Ht-  The  proof  of  the  proposition  is  now  complete. 


CHAPTER  5 
CONCLUSION 


In  this  dissertation  we  introduced  the  notion  of  a  process  measure.  We  discussed 
the  stochastic  measure  induced  by  a  process  measure  and  then  studied  some  of  its 
properties  (chapter  2). 

The  collective  effort  in  chapters  3  and  4  represents  the  core  of  this  dissertation. 

In  chapter  3  we  constructed  the  stochastic  integral  with  respect  to  a  p-summable 
process  measure  and  then  studied  some  of  its  properties.  The  main  theme  of  this 
chapter  is  that  the  stochastic  integral  is  itself  a  process  measure.  Infact,  we  saw  that 
the  properties  of  the  integrator,  X,  were  transferred  to  the  stochastic  integral  H  •  X. 
As  an  illustration,  we  proved  that  if  X  is  a  p-summable  process  measure  that  is  also 
a  martingale  then  (H  ■  X)  also  possesses  these  features. 

The  main  result  of  this  dissertation,  on  the  2-summability  of  orthogonal  martin- 
gale measures  (theorem  (4.2.8)),is  presented  in  chapter  4.  This,  together  with  our 
Ito  isometry  theorem  (theorem  (4.3.5.))  and  representation  of  the  stochastic  integral 
as  an  orthogonal  martingale  measure  (theorem  (4.3.7)),  when  the  integrator  has  the 
same  characteristic,  gives  a  nice  account  of  the  L2  stochastic  integral  theory. 
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